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As the writings 1 90 ne were addreſſed to the King of Sicily, 
who had peruſed and reliſhed them, ſo I do myſelf the kenour:: to ad- 
dreſs to Your Majeſty, the following account of the Life, Writings, 
5 and Inventions of our Britiſh Archimedes, in which, I can claim no 
other merit, than having endeavoured 15 call forth and illuſtrate the 
baba of others. 1 feel great . in decicating-this Tract to 
Your Majeſty, after the chaſte and dignified model of Antiquity, be- 
ſtowing on the King, the merited encomiu m, of having promoted 11 


Sciences and Arts, with which it is connected; and in aſſuring Your © 


: Majeſty that I al, with the greazſt er 


Your Majzsry's e ty 1 
„ ui 
: by Obedient humble Servant, d 
| DN BUCHAN, 
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1 for Buſbane, read Briſbane, 


7 for propoſition, read proportion, e 
3 for penitas read penitus | * 
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20 for 6 and & read b and 5 Ws 


21 for members, read numbers, [oe RE 


8 for u read « . 
17 for u read « —— lin, 22 ditto 1 
in the Table of Log. [No 26.] fig. 23. for 1 read 7 and 
for 7 read 1 —a— I is intreated, that as the Table has no 
other errors, theſe may be corrected with the pen of every 
reader or purchaſer of this book, 
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ADVERTISEMENT. - 


. 


As OUT twenty years ago, I thought it would be eaſy to bring together a groupe. 
of learned men, who would dedicate a part of their leiſure to ered literary monuments. 
to the memory- of their illuſtrious countrymen, whoſe lives had not been hitherto. / 


 eoritten or ſufficiently illuſtrated ; and I wiſhed ſuch monuments to be faſhioned and ex- 
ecuted by men perſonally eminent in the departments which diſtinguiſhed the ſubjetts of 
their biographical reſearch, and not bythe aſſiſtants of a. bookſeller or compiler, who: 


cannot be erpected, however faithful and accurate, io be animated with that love to the. 


ſubject, which the Italian Arti fe, rightly e ders as the one of his: een and. 
5 * ae of its e 


* 7 # k ** 8 
* » 


*. KY ppt 1 have ow di 1 5 3 theugh I allow. the bigket nett. | 


o the Britiſh Biography, now republi iſhing by Dr Ki ippis, yet in the immenſe ; extent of 
| 2 an undertaking, T perceive the impoſſi bility of its reaching the perfection have 


RO a: the addition 25 dune articles. and connections, which would 


i 


| 0 being writer with care and. ah ak 1 af. 10 A fone Ng in an 18 : 
lated ſtate by the public ſuvour, would. afterwards have, been taken up by ſubſequent, 


editions into that great repoſitory. of: biographical learning, in a highly finiſhed ats, 


and purged of the errors which are unavoidable, in the firſt fobric of works. of that: 
nature. | 


by WES „ ' With 


„ 


With reſpect to the e of Scotland, one of the Judges FIR vis would have 
done it honour i, in its 55 ar by 4 his 8 his attention to the | gue one duties of | 
e ae ee 10 70 8 of 1 the Toa of Yobn rs. 4 5 580 Argenis, 
and ſome other learned Scots, to forward the undertaking I wiſh to promote. 


| | Encouraged by the affiſtance of an aſſiciate, fo able and ſo liberal, 1 have pr eſumed 
to offer the following Biographical Ti rathto the public, as my mite to @ Treaſury, which 
I hope to ſee enriched by many, who have the ability and the generoſity of my reſpectable 
3 I was indeed by that excellent man, that 1 _ was originally encouraged to 
 Frofecute reſearches of this natare. He applauded” that diſpoſition in 4 young man of 
quality, which" leads bim to'the ſtudy of the hiftory of hit own country, not in pamphlets, 
 fatires, apologies and panegyrics, hut in the private undiſguiſed correſpongence of the 
A man who udien biftory in this day, will fee: that the” fame. chara&ers are re. 
preſented by different actor: introduced behind the feenes, he will fee folly ie 
iel in the. garb of wiſdom; and ſelfiſhneſs aſſuming the maſh of public Jpirit ;_ 
among the learned, the plagiary fealing away the laurels of the madeft inventor. * 
will ſee great events arifing from incogſiderable cauſes, and men neither devils nor 
angels, but a compoſition of good and bad e n at the men wo the ones can 
e commit a 1 | 15 


*F flatter my thit thi article F Mp, in vile Biogradbia "IO will be pr mg 5 
rd in fome reſpects, as a ſpecimen of the plan I have deſcribed, for it certainly-has been 
' Written con amore. In'the. ſcientific part I have received the affiftance of 4 gentle. 
nun, who deſerves to be better known, vn account of his mathematical ne? and 
the Wen with which be Ireats FEY mY his rn” V 


29 


vii .] 
/ ihe following publication, ſhall have the good fortune to meet with the approbation 
of the learned world, tis my intention, to give an account of the lives and writings of 
£01 Andrew Fleicher of Salton, and Jobn Law of Lauriefton, on the ſame plan. The 
. a. feſt undertaking will Furniſh me an opportunity, of repreſenting the ancient conſtitution | 
70 of Scotland, in what I apprehend to be a clearer light, than has hitherto been offered ; 
5 and of treating the cauſes and conſequences of the union between tbe two. kingdom: 
1 5 and the other will open an ample field for exhibiting the diſorders in the finances of 
| Trance, occaſioned by the expenſive wars 'of Lewis the fourteenth, and the Mifhſippi - 
Scheme, and for explaining by what means they have been gradually remedied and 
brought to a ſtate, which has enabled that nation, not only to bring her naval force 
and her trade to a dangerous rivalſhip with this country, but to obtain that credit, 
by good faith, which in former times, had given ſo decided a ſuperiority to Britain. I | 
am very ſenſible that there are many men in this country much better quali ified for. 
performing theſe taſks than I am, and I think it an honour to enjoy their friendſhip : 5 7 . 
but men / great reputation generally ſeek for reſt in the evening of life, and avoid ex. "Do DE of 
| pf ing their laurels to the "ny of envy, in one declining vat. : 1 


Tl beſe, I RE will be accepted as 1 es apologies, for my venturing io occupy fuck 1 
ground, and 1 beg leave to invite my learned countrymen, to aid me in fo noble an un- | 3 
SIO as FORE 50 rai if 'ng monuments to the . of the illuſtrious dead. „„ 1 | 
* T have es to add, that if the Ain lives of illuſtrious paar, Bach inn, EE 
on the plan I propoſe, and were accompanied by portraits, elegantly engraven by the | | | 4 
beſt artiſts, and the whole executed in a ſimilar manner, of the ſame Quarto ſize, and 

with the ſame Type and Paper; they would gradually form the noblg 9 Kee which Bas 1 5 
deen 1 8 5 fo the N of ens: in any age or country. 3 5 | „ e 
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and the arts of practical Geom 


1 the. world over, for his great 
7, by which the caſe and 
ſo. wonderfully aſſiſted the Science of Aſtronomy, i 
and Navigation. FEW op Er Edi i | 
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ELEVATED above the age in which he lived, and a benefactor to the 2 


world in general, he deſerves the epithet of Great, 
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. Napit lived in a country of 
y, hunting, 


proud Barons, where barbarous hoſpi- 
and religious controvei 
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the time and attention of is contemporaries, and where he had no 


learned ſociety to aſſiſt . in * rover ae 


— 6 a» 


Tris. e eee perſon was born at Merchifton, in the nog 
bourhood of 9 ng HY in 888 Tour I Is 3 


* 5 F „ „% „ an 7 1 "Js 3 p * „ 


Hz was the Son of Sir 8 1 of Merchiſton, Maſter of 


the Mint 1 in Scotland, and of 3 Bothwell, daughter of Mr Francis 5 


Bochwell, one of che Sepakies 6 of the a of Jultite t. 


2 3 


THAT his family was of ancient eRabliſhment in hs. counties of 


Dunbarton and Stirling, appears from the public records, and from the 
2 archieves 5 his . | : LS 


— - n LY 2 1 2 Þ. SS voy 1 12 $70 1 4 — N Nee 1 fo — — „ 


Jour de Napier, from whom he forging: in. the 12th generation, was 


one of thoſe proprietors of lands, who ſwore allegiance to Edward the 


Arſt, of England, in the year 1296, William, from whom he count- 
_ ed in the ninth generation, was Governor of the Caſtle of Edinburgh, 
in che year 1401, whoſe ſon Alexander, was the firſt Baron or Laird of 
Merchiſton, and was the Father of another of the ſame name, who was 


Vice Admiral of Scotland, and one of the Commiſſioners from king 
_ a Wege at the court 55 e in the high _ I and . 


4 


FROM the fmt of? Lennox, Earl of — he derived a Si 
Em wy e al Elizabeth Mains, 18 e to his grentegrand- 


1 ' father's. 
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gather 8 Gather; Rim. tobe: N of Meni but on his anceſtors 
he reflected more honour and celebrity than he received, and his name 
will probably be famous, when the lineage of Plantagenet will be re- 
membred only by genealogiſts, and when poſterity may know no more 
of his, than we now know of the families of Plato, ON Archi- 
ele or Euelid. 


OR 18 PN chat men > ſhould he mak to aim at Abe and more per- 
manent glory than wealth, office, titles or parade can afford; and I like 
| the taſk, of making ſuch great men look little, by comparing them 

with men who reſemble the n of my e ane | 


1 Napier s OWN 5 we OP that he was nan at St. 
| Andrews * where writes he, © in my tender years and bairn-age, at 
e ſchools, baving on the one part contracted a loving familiaritie with 

da certain gentleman a papiſt, and on the other part being attentive to 
the ſermons of that worthy man of God, Maiſter Chriſtopher Goods 

„man, teaching upon the Apocalyps, I was moved i in admiration againſt 
the blindneſs of papiſts that could not moſt evidentlie ſee their ſeren 
< hilled Citie of Rome, painted out there ſo lively by Saint John, as the 
Mother of all Spiritual Whoredome : that not onlie burſted I oute in 

« continuall reaſoning againſt my ſaid familiar, but alſo from thenee- 

forth I determined with myſelf by the aſſiſtance of God's ſpirit to 

« employ my ſtudy,and diligence to ſearch out the remanent myſteries 

* of that holy booke (as to this houre praiſed be the Lord I have bin 
" "us at all ſuch t times as convenientlie I might have occaſion) We. 

Tux 

* Preface to 0 plain i of the Revdlation of St. Ike : . 


% 
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Tux time of Napier s matriculation does not appear 055 che Re gi- 
2 of the Univerſity of St. Andrews, as the books aſcend no higher 
chan the beginning of the laſt century; but as the old whore of Baby- 
lon, aſſumed in che eyes of the people of Scotland, her deepeſt tinge of 
ſcarlet about the year 1566, and as that time correſponds to the literary 
bairn-age of John Napier, I ſuppoſe, he then imbibed the holy fears 
and commentaries of Maiſter Chriſtopher Goodman, and as other 
i 7 great Mathematicians have e fo he began me career with that 


— 


"I . not n FRY to trace Merchiſton Sa che Uubvarfiey, till the 5 


publication of his Plain Diſcovery, at Edinburgh, in the year 1593 *; \ 
though Mackenzie in his lives and characters of the moſt eminent wWri- | 
ters of the Scotiſh nation, informs us (withour quotation, however, of - 
any authority). that he paſſed ſome years abroad, in the low countries, 
France and my” ung: 5 he e himſelf er) to the 9 o 
e ee VV PR SU 6r om tags? 
In the Britin en W are two copies 0 his TRAM to Anthony 
| Bacon, the original of which, is in the Archbiſhop's Library at Lam- 
beth, entitled © Secret Inventions, profitable and neceſſary, in theſe 
days, for the defence of this Iſland, and withſtanding ſtrangers enemies 
to God's truth and religion, which I have cauſed to be printed, 1 in the 
i: Appendix to this Tract. This letter is dated, June 7, 1596 +, about 
which time it appears, as ſhall be ſhewn e e e Kan: 
_ to e his 2 8 Canon. 5 
1 
. Printed EW 8 Ayſcongles at. v. 1. P. 155. See Appendix Ne. r. 


— 
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1 N enquired, without Lacceſs, among all: the adi of this 
eminent perſon, for papers or letters, which might elucidate this dark ' 
part of his hiſtory; ; and if we conſider that Napier was a recluſe mathe- 
matician, living in a country, very inacceſſible to literary correſpon- 
dence, we have not much room to expect, that the moſt diligent explo- 
rations, would furniſh much t to the FE of having the 1 of 
en 1 e : on | ; 


— 


- Fl 
a N 


— 


Ano Mr Briggs s papers, peel in the Britiſh Muſeum, 1E 
ed for letters from Napier, but found only what Mr Briggs calls, his 
Imitatio Nepeirea, þ froe applicatio omnium fere regularum, ſuis Logarithmis Her- 
| tinentinm, ad Logarithmos; which ſeems to have been written in the W 
0 . pies TW een of che Canon“ F 
_Troven the life of a lie pe 88 commioily barten of events, - 
and beſt unfolded in the account of his writings,” diſcoveries, improve- : 
ments, and correſpondence with the learned men of his age, yet I 
_ anxiouſly ſought for ſomewhat more, with reſpect to a character, If 
much admired ; bur my reſearches have hitherto been fruitleſs. Per- 
| haps from the letters, books, and collections of ſocieties or of - learned 
individuals, to which J have nbt had acceſs, ſomething may hereafter be 
brought to light: and one of the inducements, to offer a ſketch of this 
kind to the public, is the tendency 3 it may have to bring. forth ſuch in- 
formation. His plain diſcovery has been printed abroad, i in ſeveral lan- 

| guages, eee in Rooney at. ene in the NIE? :x60 3s 8vo:* an- 
| + DD e nounced 
8 . e : 15 I Sr 1's 
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nounced in the title, as reviſed by himſelf * *, Nothing could be more 
agreeable to the Rochellers, or to the Haiganots of France, at this time, 
than the Author's annunciation of the Pope, as Antichriſt, which in this 
book he has endeavoured to ſet forth, wich much. zeal and erudition. 


Tua Napier had begun, about the year 1593, that train of enquiry, 
which led him to his great atchievement in Arithmetic, appears from 
A letter to Crugerus from Kepler, in the year 1624; wherein, menti- 
| oning the Canon Mirifieus, he writes thus, Nibil autem ſupra Neperianam 


 rationem efſe puto: etfi Scotus quidam literis ad Tychanem, anno 1594, Scriptis. 
jam ſpem fecit Canonis illins mirifici, which: alluſion agrees with the idle ſtory 
mentioned by. Wood i in his. Athenæ Oxon, and explains it in a way 
perfectly conſonant to the rights of Napier as the inventor; concerning 
which, I ſhall take occaſion to comment, in the account of his works : 
nor is it to be ſuppoſed, that had this noble diſcovery been properly 

applied to ſcience, by, Juſtus Byrgius, or Longomontanus, Napier would 
have been univerſally acknowledged br his ee. as che un- 
ne Author of 1 it. 


— 


No 1 men in the world, are fo 3 of each other as the . and 
che leaſt plauſible Pretence of this ſort, cu not have failed to produce 


| - | a 
| * "Thi edition mas e on. the Fold uy of that year, in the end of which the Synod of Gap 
did declare, or moved to declare, the Pope to be Antichriſt, which had never been before pa. 
wy any body of Proteſtants. See Sully's Memoirs. | 
Wir reſpect to Napier's fanciful calculation of the completion of the prophecies, convening the 
* Andi of the world, the year, in which this monument 18 erected to his memory, immediately ſuc-- | 
ceeds that fixed for the end of the world, and no doubt muſt be the year of judgment, with reſpect to | 
the authenticity of his diſcovery, and the merit of thoſe arguments, which we Og rand 0. 


n 
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a 3 in the republic of letters, both in his name, and after 
his — nn were ſounded all n GI. 


- Wh | 
8 8 1 this place, 3 to be catalogue of allthe Mathematical and 
Authmetical books of that age. 
© 61 ot outrageous panegyriſt, is Sir Thomas Uebler, of Cromarty, _ bas om us ufo fo 
ridiculous an account of the admirable Crichton. | 
In his Jewel, Urquhart, after having se ki relies 80 his Trigonometrical Work, entitled 
Triſſotetras, for the praiſes of Napier, thus mentions © an almoſt incomprehenſible device, which. be- 
ing in the mouths of the moſt of Scotland, and yet unknown to any that ever. was in the world-but 
208 himſelf, deſerveth very well to be taken notice of in this place; and it is this: he had the ſkill, as 
£1 O08 is commonly reported, to frame an engine, (for i invention not much unlike that of Archyteas' 3 Dove} 
which by virtue of ſome ſecret ſprings, inward refſorts; with other implements, and materials fit for 
6 the purpoſe, incloſed within the bowels thereof, had the power (if proportionable in bulk to the 
action required of it (for he could have made it of all ſizes) to clear a feld of four miles circum= 
« ference, of all the living creatures exceeding a foot in heighth, that ſhould be found thereon, 4 how | 
6 near ſoever they might be found to one another; by which means he made it appear, that he was 
« able, with the help of this- e alone, to kill thirty thouſand Turks, without the hazard of one 
« Chriſtian !” Of this it is ſaid that (on a wager) he gave proof upon a large plain in Scotland, to 
the deſtruQtion of a great many head of Cattle, and flacks of. ſheep, -whereof ſome were diſtant from 
other half a mile on all ſides, and ſome a whole mile. To continue the thread of my ſtory, as I have it, 
I muſt not forget, that when he was moſt earneſtly deſired by an old acquaintance, and profeſſed friend 
of his, even about the time of his contracting the diſeaſe whereof he died, that he would be pleaſed, for | | 


the honour of his family, and his own everlaſting memory to poſterity, to reveal unto him the manner 


of the contrivance of ſo ingenious a myſtery, ſubjoining thereto, for the better perſuading him, that it 
were a thouſand pities, that ſo excellent an Invention ſhould be buried with him in the grave, and that 
after his deceaſe nothing ſhould be known thereof: his anſwer was, that for the ruin and overthrow- 
of man, there were too many devices already framed, which if he could make to be fewer, he would | 
with all his might endeavour to-do ; and that, therefore, ſceing the malice and rancor rooted in the 
heart of mankind, will not ſuffer them to diminiſh the number of ape e eee | 
ſhould never be increaſed. Divinely ſpoken truly. | 


Urquhart's rad, Edinburgh, 1774. 8vo. p. 87. 


| 
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Wu EN Napier had contend; to Mr Heury Briggs, POR PIPER X 


: : onl Profeſſor in Greſham College, his wonderful Canon' for the Loga- 


rithms, that learned Profeſſor ſet himſelf to apply the rules in his [mi- 


© tatio Nepeirea, which 1 have already mentioned, and in a letter to 
Archbiſhop Uſher, i in the year 161 53 he writes thus, * Napier, Lord of 
« Merchiſton, hath ſet my head and hands at work with his new and 0 


< admireable Logarithms. I hope to ſee him this ſummer if it pleaſe 
60 ane 17995 I. never . a book winch pleaſed.” me eo and made me 


2 1 


—— 


9 


lr may . extraordinary to 8 Lilly the 6 ud EN . 


to fo great a man as Napier; yet; as the paſſage I propoſe to tranſcribe 
from Lilly 8 life, gives a pictureſque view of the meeting betwixt Briggs 
and the Inventor of the Logarithms, at Merchiſton near Edinburgh, 5 
I ſhall ſet i 125 1 in the e words of 5 een knave 105 5 


I will acquaint you Wick one Meibnabis ftory, related unto > me 


| by John Marr, an excellent mathematician and geometrician, whom L | 
conceive you remember, He Was ſervant to king James the firſt and | 
Charles the firſt. When Merchiſton firſt publiſhed his Logarithms,” 
Mr Briggs then reader of the Aſtronomy Lectures at Greſham College 
” 2h London, was o furpriſed with admiration of them, that he could 
3 have no quietneſs 3 in himſelf, until he had ſeen that noble perſon whoſe 
0 only i invention they were; He acquaints John Marr therewith, who went | 
into Scotland before Mr Briggs, purpoſely to be there when theſe two! 
ſo learned 8 ſhould meet; Mr "Briggs e a certain tay when of 


to 


* eee 36. 2 7 SY „ Ne, 
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to meet at Edinburgh; but failing thereof, Merchiſton was fearful he 
would not come. It happened one day as John Marr and the Lord 


Napier were ſpeaking of Mr Briggs; Ah John, ſaithsMerchiſton, Mr 


Briggs will not now come”: at the very inſtant one knocks at the gate; 
John Marr haſted down and it proved to be Mr Briggs to his great con- 
tentment. He brings Mr Briggs up into My Lord's chamber, where 
almoſt one quarter of an hour was ſpent, each beholding other with ad- 
miration before one word was ſpoken: at laſt Mr Briggs began. My 


Lord I have undertaken this long journey purpoſely. to ſee your per- 


« ſon, and to know by what engine of wit or ingenuity you came firit 


 * to think of this moſt excellent help unto Aſtronomy, vis. the Loga- p 


„ rithms ; but My Lord, being by you found out, I wonder nobody 
« elſe found it out before, when now being known it appears ſo eaſy”. 


He was nobly entertained by the Lord Napier, and every ſummer after 


that during the Laird's being alive, this venerable. man Mr Briggs went 


ee to Scotland to viſit him.“ 


— — 


Ty run is a rege = a life of Tycho Brahe by Gaſſendix, which 


may miſlead an inattentive reader to ſuppoſe that Napier's method had 


been explored by Herwart at Hoenburg, tis in Gaſſendi's obſervations | 
on a letter from Tycho to Herwart, of the laſt day of Auguſt 1599. 
Dixit Hervartus nibil morari ſe ſolvendi cujuſquem trianguli difficultatem ; ſo- 


lere ſe enim multiþlicationum, ac diviſionum vice additiones ſolum, ſubtractionet 
93 uſurpare (quod ut fieri poſſet, docuit poſimodum ſuo Logarithmorum Canone 
Neperus. ) But Herwart here alludes to his work afterwards publiſhed 


? . e OO e 


* Tychonis Brahzi Vita. Parilus 4to, 1654. P. 191. 
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in RF year 1610, ich ſolves triangles by Profthaphereſis, a mode to- 
rally different from that of the eee 94461 4) | 
K ELER dedicated his W to Nathan, which were publiſhed _ 
in the year 1617 *; and it appears from many paſlages in his letter about 
this time, that he held Napier to be the greateſt man of his age, in the 
particular department to which he applied his abilities: and indeed if 
we conſider, that Napier's diſcovery was not, like thoſe of Kepler or of 
; * Newton, connected with any analogies or coincidences, which might 
N have led him to it, but the fruit of unaſſiſted reaſon and ſcience, we 
ſhall be vindicated j in placing n in one of the higheſt niches i in the 
Temple of Fame. 


* 


. KEILER had made many unſucceſsful attempts to diſcover his canon 
for the periodic motions of the planets and hit upon it at laſt, as he 
himſelf candidly owns, on the 15th of May, 1618; and Newton ap- 

plied the palpable tendency of heavy bodies to the earth to the ſyſtem 
of the univerſe in general; but Napier ſought out his admirable rules, 
by a low ſcientific progreſs, ariſing from the gradual revolution of 


1 : Tax laſt literary exertion 98 chis eminent 3 was the publication 1 
= of his Rabdology and Promptuary, in the year 1617, which he dedi- 
R = cated to. the Chancellor Seton, and ſoon after died at Merchiſton, on the 
£ 3d of April, O. 8. of the ſame year, in the 68th year of. his age, and, 

F : as I 18 8 8 in the 2 3d of as. happy invention. | 9 85 
2 "Sal 5 5 7 * * Kepler's Ephemerides novæ mobi cæleſtium ab anno 161 7. 
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Ix his perſon, the portraits * I have ſeen repreſent bim of a grave 
and ſweet countenance, not unlike his eminent contemporary Mon- 


ſieur de Fe . e | of 


1-4 


IN his athily: he ſeems to have been uncommonly fortunate, for his 
eldeſt ſon became learned and eminent even in his father's lifetime, his 


third a pupil of his own in Mathematics, to whom he left the care of 


publiſhing his Poſthumous works; and loſing none of his children by 


death, he loſt all his daughters by honourable or reſpectable marriages. 


| He was twice married. By his firſt wife, Margaret, the daughter of 
Sir James Stirling of Kier, deſcended of one of the oldeſt and moſt re- 
ſpectable gentlemen's families in Scotland, he had an only child, Ar- 


| chibald, his ſucceſſor in his eſtates, of whom I ſhall hereafter give ſome 


account. By his ſecond marriage with Agnes, the daughter of Sir James 
Chiſholm; of Crombie, he had five ſons: John, Laird of Eaſter Tonie ; 
Robert +, who publiſhed his father's works, whom 1 have already men- 
tioned, the anceſtor of the Napiers of Kilkroigh in Stirling ſhire . 
Alexander Napier of Gillets, Eſq; William Napier of Ardmore; and 
Adam, 2 whom the Napiers of Blackſtone and Craigannet in Stirling 
ſhire are deſcended.. His daughters were, Margaret, the wife of Sir 


James Stuart of Roſſayth; Jane, married to James Hamilton, Laird of 
Kilbrachmont in Fife; Elizabeth, to William Cuninghame of Craig-- 
ends; Os to George Drummond of Baloch ; and Helen, to The 


Reverend 

* In the Univerſity Liſluwey at Edinburgh, another in hs . of the Lord Napier, and an. Ke, 

80 print, engraved by Delaram, where he is repreſented calculating with his bones. ; 
| + Robert wrote a Chemical Treatiſe, . {till preſerved in the family of Napier. - | 
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8 Mr Mathew Buſbane, ! Rector of ihe Pariſh of Erſkine in | 


Renfrew ſhire. 


H was interred in the Cathedral Church of St Giles, at Edinburgh, 


on che eaſt ſide of its northern entrance, where there is now a Stone 
Tablet, indicating, by a Latin Inſcription, that the burial place of the 


Napiers, is in that place; but no Tomb has ever been erected to the 
memory of ſo celebrated a man, nor can it be required to preſerve 


his memory, ſince the aſtronomer, geographer, navigator and political 
arithmetician, muſt feel themſelves every day indebted to his inven- 
tions, and thus a monument is erected to the illuſtrious Napier, which 
cannot be obliterated by time, or depretiated by the i r of ber 
in the ſame 1 3 ; 


* 


L proceed now to ings more fully the merit of Napier, by giving 


an account of the ſtate in which he found Arithmetic, and of the be- 


nefit it received from his diſcoveries. 
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CONCERNING. ARITHMETIC. 


4a cum Statuas et Imagines, ; non KP e hed corporum, Rudioſe multi PORN, homines 3 


con ſliorum relinquere, ac een nofrarum e nonne multo malle OO fummis ingeniis expreſſan 


et poli tam? 


- 


C'icgzoxis ORAT1IO BER, te.) Foaks- Car. Xii. 


 Arrravenc is Ws es x to man, that it muſt have made i its 
appearance on the firſt and rudeſt lage of ſociety. ms 58 


oy GNS to > numbers were e probably in uſe, a as s ſoon ; as Signs. to 


expreſs other ideas. 


THE ſigns the moſt obvious, and we may venture to ſay the &rſt 3 in 
EE. i were the fingers. The number of theſe accounts for che general | 
: adoption of numeration by tens. The firſt ten numbers have me 0 
| POILPon of digits or ny in moſt of the Janguages- os 


* 


: Taz next © improvement of Arithmetic, ſeems to have been ie uſe of - 
7 ſmall pee or of knotted firings. The worde Rlagun and calculus | 
5% 


— 
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"W. 
<< 


fignify both a pebble and * an arithmetical operation. The Ruſſans, to 
this day, perform their calculations by means of ſtringed beads, with 


great exactneſs and expedition. The Greeks and Romans repreſented 
numbers by the letters of the Alphabet variouſly combined. By means 


of their notation, the operations of addition and ſubtraction of j integers 


at leaſt, were eaſily enough performed. But multiplication, diviſion, 
and the extraction of roots, were difficult and cio 


muſt have effected them, in a great meaſure, by Ant of though. 
Boethius, who flouriſhed towards the end of the fourth century, ſays 5 
deny, that Nw wy the eee had invented, and uſed in their - 


_—— 


15 7 by which del latter operations os have been ch foplified. 
Theſe figures were known only to a few myſterious men, and it is by 
no means probable that they. were the i inventors of them. Ir 18 probable 
that Pythagoras, or ſome of his Weipkes, borrowed chem, a8 they did 
many other inventions, from the Indians. The merit of the Greek 


Philoſophers, of which Euclid claims a diſtinguiſhed ſhare, conſiſted i in 
| raiſing 1 from HEE a ple art, to the rank of che ſciences. ö 


4 7 5 ena of Aquitaine, in France, aer ddl Pope Sylveſter the ſe- 
| cond, having imbibed the elements of the ſciences, found that the chri- 
ſtian world, at that time volved 1 in darkneſs, could not furniſh him 


with ſufficient helps for making any great progreſs i in them. This in- 
duced him to fly from the Convent of Fleury, where he had lived from 


his infancy, to Spain ; :; where, under the tuition of the Moors, he be- 
eame fo. intimately acquainted with the mathematics, that he is faid to 
have ſoon. ſurpaſſed his maſters.. Upon his return to his native coun- 
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try, bbc the year 960, + or 070, he introdu ced the ten characters, | 
which form the baſis of our modern Arithmetic. Theſe had been fa- 
Wine to the Arabs, time out of mind, and the invention of them is, 
by their writers, aſcribed to the Indians we | 


Aout five hundred years aero our Arithmetic received a 
moſt TR eee 75 the invention 125 decimal . ; 


As che invention of chef e and 1 the . with other 
arithmetical improvements, was occaſioned by the efforts of ingenious 
men, to perfect Trigonometry, it will be proper to give ſome account 

of the riſe and progreſs of this moſt uſeful branch of the mathematics. 


'TR1GONOMETRY, conſidered as a fimple art, muſt have begun with 
the diviſion of lands in every country; but conſidered as a ſcience, or: 
as the application of Arithmetic to Geometry, it ſeems to have had 
its riſe among the hands of the great Hipparchus, about one hundred 

and forty years before the chriſtian æra. Hipparchus was the firſt who, 
made uſe of the longitudes and latitudes, for determining the poſition. 
of places, on the ſurface of the earth. Theon cites a treatiſe of his, in. 
twelve books, on the chords of circular arcs, which muſt have been a 0 
treatiſe on Trigonometry, and is the firſt of which hiſtory gives any ac 


count. Menelaus, about the end of the firſt century, wrote a treatiſe, 


in fix books, on the chords; and there are extant of his three books on 


No Spherical Trigonometry, where that ſubject i 18 treated 1 in a manner ve- 


ry profound and extenſive. | | 
5 e 1 e 1 oh 
Wallis, Maw „ . „„ ob 
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Tux difficulties to be encountered in the ſolution of triangles, which 
is the object of Trigonometry, regard the tables of the parts of the : 
circle, the form of the problems to be uſed, and the bee den of : 
theſe 1 to 1 8 7 cp} 

Tux Ancients, before Ptolemy's. time, do not ſeem to have agreed 
upon a particular diviſion of the radius of the circle *. That indefati g- 
able Aſtronomer, who flouriſhed about the year 200, having ſimplified 
the theory of Menelaus, divided the radius into ſixty equal parts, and 
computed on this foundation, the length of all the chords in the ſemi- 
circle, correſponding to every thirty minutes. This ſexagenary divi- 
ſion, which continued in uſe for many centuries, obliged geometers to 
make uſe of numbers compoſed of integers and fractions, which occa- 
ſioned much labour and much loſs of time. The table of chords led 
| them to problems very complicated and of difficult execution. Every 
oblique triangle was to be divided into two rectangular ones; and in 
order to come at a ſolution, i it was neceſſary to raiſe to the ſquare, and 
to extract the ae root of many fractional numbers. 


Tn E Arabe,: Gmetime i in the ah pray; areaty Auel hs 
7 theory of Trigonometry, by ſubſtituting, for the chords of the double 
arcs, the halves of theſe chords. | Theſe lines have been called ſinus, 
probably from 8. Ins. an abbreviation of the Latin words ſemiſſes inſerip= 
,tarum f. This improvement paved the way to more ſimple enen, 
of which we ſhall have occaſion afterwards to ſpeax. | . 

VV Abo 
ng | Hanſchii Pref. in Kerl Epil. + ou. Hiſtoire Mathematique. | „„ 
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INVENTIONS or N ATFIER - |» 
ABOUT the middle of the fifteenth century, George, ſurnamed Peur- 


bach, from a village on the confines of Auſtria and Bavaria, where he 


was born, either adopted the finus from the Arabs, or invented them 


| himſelf, He alſo baniſhed from Trigonometry the uſe of the ſexage- 


nary calculus, by ſuppoſing the radius to conſiſt of 600 000 equal parts, 
and computing on this foundation the length of the fines corny 


ding to every ten minutes of the J 


AE UN Muller e | W 5 by the "kan of Regiomontanus 
from the place of his birth, Konigſberg a town in Franconia) the diſ- 
ciple -of Peurbach, improved his maſter's idea by making the radius 


equal to unity or 1,0000000. On this new plan he calculated, with 
great labour and accuracy, a table of the fines for all the minutes of the 


Quadrant. He alſo was the firſt who introduced the uſe of the tangents 


in Trigonometry ; 3 of which Eraſmus Reinoldus of Salfeldt firſt con- 
ſtructed a table. To theſe tables Rheticus * afterwards added that of 
the ſecants, which had been invented by F. Maurolyeus of Meflina. 


. By means of theſe new tables the art of Trigonometry was not only 
rendered more accurate than formerly, but one multiplication or divi- 
"Ran was ſuperſeded ; in every geometrical proportion where the radius 
: made one of the terms. The multiplication or diviſion, however, of 
ſuch large numbers u A much erpence of e labour and atten- 


tion. 


fn „ „ | Raruanys 


# 


8 George e ſo called from his native Gn Theſe appallatives, Io much uſed after the | 
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RATMARUS Urſus, towards the end of the ſixteenth century, having 0 
either learned from his preceptor Juſtus Byrgrus, or diſcovered ſome 
new properties of the ſines, ſhewed, in his Fundamentum Aſironomicum 


publiſhed. in the year 1588, how theſe might be employed to great ad- 
vantage in. the ſolution of ſome trigonometrical queſtions. By his me- 

thod, which he calls Profthaphereſs. , from Teoobour additio and apa a 
ablatio, the fourth term of a geometrical propoſition, having for its firſt 


term the radius equal to unity, may be found by addition and ſub- 1 
traction only; inſtead, for example, of multiplying the fine a by the 


ſine of & in the geometrical proportion 1: fin. a:: ſin. b: ſin, c, the ſine 
of c may be had, with much leſs trouble, by ſubtracting half the coline 
of the ſam of à and & from half the coſine of their difference ; |; becauſe, : 
as is 7 ee. fin. ax ſin. + colin. le) eek colin on 


Ir was. city. tx to a few caſes; 3 that the * of 
Raymar could be applied, and the improvements made upon it, by 
Clavius * Magini f and others, required ſo many precautions that they 
were not of very great ſervice. 4. But inconſiderable as theſe abbrevi- 

ations of calculus were, they were generally uſed by the moſt eminent. | 


mathematicians and aſtronomers at the end. 10 the acenth and. e. 


. of the ſeventeenth century Th. 
4 Sven 


» Clavius de Aſtrolabio, book 1. lemma 53; EY EO 

3; Magini primum mobil, lib. 1. theor. 33. and lib. 11; cap. 2: 5 

+ Quod vero Proſthaphæreſean tabulus attinet, ſcito me totum hune annum qua parte et a morkis 
et a curis fui vacuus in unius martis proſthaphæreſibus excentri verſari, nec "_ dicere me ſcopum 
nondum attigeſſe. Kepler Epiſt. p. 177. | Tre 

s . tables were publiſhed by E G. Herwart, in 1610. 
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SUCH was the Nate of arithmetical cc at the time of the in- 
vention of the Logarithms, which, as Napier himſelf ſays, Omnem illam 
 prifiine matheſeos dj difficultatem penitas e medio tollit ; et ad ſublevandam memo- 
riæ imbecillitatem ita ſe accomodat, ut illius adminiculo facile fit, plures quaſti- 
ones mathematicas unius hore atio, quam priftinia et communiter recepta forma 

Anuum, tangentium et ſecantium, vel integro die abſolvere . But before we 
E proceed to this moſt important diſcovery, we ſhall give an account of 
thoſe ingenious contrivances, intended to anſwer the lame purpoſe, e Y 


- 5 : 2 


which previouſly SN to Napier. 


8 E MGM A F tee” „ 9 
| | Re AE EN | NAPIER'S BONES. 


THE firſt of cheſe mechanical devices is what our author calls Rabdo-- 
logia, or the art of computing by figured rods. Theſe rods are ſquare: 
' parallelepipeds three inches in length, and three tenths in breadth. 
Each of the faces of theſe parallelepipeds is divided into ten equal parts, 
| of which nine are ſquares and in the middle, and half of the tenth at 
|... one extremity or the top, and half at the other extremity or the bot- 
| tom. Every one of theſe ſquares is cut by a diagonal from left to 
right upwards. At che top of each face is ſome one of. the ten. di 
** o, I, 2, 3, Oc. 5 
” Log, Com deſcriptio, in dedic. 


* 
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| In the firſt ſquare below that digit is repeated, in the ſecond is its 
double, in the third it's triple, and ſo on. Of theſe multiples of the 
digit, the figure of units is below, and the figure of tens above the 


diagonal. The meaning of what has been juſt ſaid will be evident by - 
aà little attention to Fig. I. where the four faces of each rod of the 


ſet, recommended by Napier, are unfolded. By means of theſe rods the 


operations of multiplication and diviſion are performed by addition FS 
and ſubtraction. 


— 


TRE nk for multiplication is—Bring the rods to form the multipli- 5 


cand at the top of their upper face. Join a rod, having unity at the 


top of 1 its upper face, to the right or left hand fide; in which ſeek the 


right hand figure of the multiplicator, and write out the numbers cor- . 


reſponding thereto in the ſquare of the other faces, by adding the ſe- 
veral numbers occurring in the ſame rhomboid. Seek the ſecond figure 
of the multiplicator and proceed in the ſame manner: arrange and add 


the numbers wrote out, as in common multiplication; the ſum is the 


product required. To multiply 1785 by 364, for example, I diſpoſe the 


proper rods as in Fig. II.; next to 4 (che firſt right hand figure of the 
multiplicator) I find o; in the contiguous rhomboid 2 and 2, which ad- 


ded together make 4; in the next 3 and 8 which make 1 and a ſurplus 


of ten; and i in the laſt 2 and 4 which, together with unity for the ten 1 
had in the former rhomboid, make 7. Theſe numbers o, 4, 1, 7, I ſet Fl 
down one after the other as I find them, proceeding from right to left. 
1 go on in the ſame manner with 6 and 3 (the other figures of the mul- _ 
tiplicator); and, after arranging and adding the partial gs I find 


the total product required. Thus, 5 1 
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Fe 364 


— 
7140 a 

10710 

53⁵⁵ 


649740 


The rule for avi on. Burg he rods to form the diviſor at the top 
of their upper face. Join a rod having unity at the top of its upper | 
face, to the right or left hand fide. Deſcend under the diviſor till you 
meet thoſe figures of the dividend wherein it is firſt required how oft- 
en the diviſor is found, or the next lefs number, which ſubtract from 
che firſt figures of the dividend, and put for the firſt figure of the quo- 
tient the correſponding 1 number on the fide face... Bring down, one af-. 
ter the other, the remaining figures of your dividend as in common di- 
viſion, and proceed in the {ame manner till you. have finiſhed the ope- 
ration. Let it, for example, be required to divide 649740 by 364. 1 diſ- 
poſe the rods as in Fig. III. The next leſs number under the 1 7 | 
364 to 649 (the firſt figures of the dividend) I find: to be 364 itſelf 
which I ſubtract from 649 putting 1, the number correſponding - on 
the 185 face, for the firſt 8 of mY quotient : to my remainder 285 
he's to 285 57 nh the File: te 1 and e to hs 2 pay Ih 1 abend from 
2857, putting 7, the number correſponding i in the fide face, for the ſe- 
cond, figure of the quotient. I go on in the fame manner till I. have 
brought. down the other Figures of the OUR 599, Ronen my 
Quotient. 225 follows. F | 
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| ALTnov GH the End of the ſquare and cube roots 5 may {be pret- 
ty expeditiouſly performed by the rods, Napier propoſes an auxiliary 
lamella for the abridgement of it. It would ſerve little purpoſe to give 
a particular deſcription of the lamella, or an account of the manner of 5 


uſing it. Its length and thickneſs are the ſame with thoſe of the rods, 


and its breadth quadruple. Its two faces are divided and marked as in 


Fig. IV. To find out the way of operating by it will be no difficulty 
to any body who i is a little A with arithmetic and es time 


INE: 


7 1 
_ 5 > 


Ax T HER: © of derer, 8 contrivances is | his hee, e 
arium. 


hundred in number, are each eleven inches in length and one inch in 
breadth. Each of theſe lamellz is divided into eleven equal parts of 
| which t ten in the anode are e ſquares, and two thirds of the eleventh at 


Ohne 


s of a box of figured lamellz. The lamellæ, two 


| 
| 
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one eamelnity and one third at the other. Erury obs of hel ſquares 


is divided into nine leſs ſquares, one hundred of the lamellz are each 


one fourth of an inch in' thickneſs, and the other hundred one eighth, 


| Suppoſe the former, which we ſhall call direct lamellæ, placed ſo that the 


greater margin may appear at top and the leſs at bottom; and the latter 


which we ſhall call tranſverſe, placed laterally, with the greater margin 


to the right and the lefs to the left hand. In this poſition every ſquare 3 
appears cut by a diagonal (faint in the ſmall bur ſtrong in the great 
ones) from the left to right upwards. Each of every ten both of the 


direct and of the tranſverſe lamellæ has ſome one of the ten digits 


o, I, 2, 3, c. inſcribed on its greater margin. The multiples of the 
digit on the margin of a direct lamella are difpoſed in each of its 
greater ſquares as pointed out by Fig. V. where à repreſents the digit : 


itſelf, 6 the right hand figure, and 5 the left hand figure of its double; 


c and c the right and left hand figures of its triple (che plain letters ; 
| being abore and the accented ones below the diagonal of the figure); d : 


and d' thoſe of i its quadruple, and ſo on. In the tranſverſe lamellz 


| thoſe which have o on the margin are untouched ; thoſe which have 
unity on the margin have the loculus correſponding to à cut out; thoſe 


which have two on the margin have the loculi of 6 and 6 cut out; 


thoſe which have 3 the loculi of c and c ; thoſe which have 4 the lo- 
euli of 4 and 4, He. This will be ſuffciently evident by inſpecting 
Fig. VI. where it is examplified i in a direct lamella titled with the digit 
4, and in a tranſverſe one with 7. The box fitted to receive theſe la- 
mellæ is of a cubical forma ; ſomething more than eleven inches wide 
and nearly eight inches high; ſee Fig. VII. Two of 3 its contiguous | 


_y which we ſhall e oy the names of left and nw are 


divided 
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Sinifies into twenty parts, each equal in length to the breadth of ten 
lamellæ, and in height to the thickneſs. of a direct and ef a a tra: 


lamella alternately, The greater diviſions on the left ſide 5855 cut out, 8 
and the leſs on che right fide. © Into the box through each of the for- 
mer, with their titled ends foremoſt, ten direct lamellz of the ſame 


title are inſerted with their untitled ends foremoſt, and an equal num- 


. ber of the, tranſverſe ones of the ſame title, through each of the latter. 
hb Thoſe titled., o are in the uppermoſt divifions, and: thoſe titled I, 2, 3m, 
Sc. in che a diyifions Dei —2é' 1 


* D 


eee by the RNAS. is e as 7 Tg 5 Tur PY or 


alas hand, ſecond, third, &c. figure of the multiplicand 3 is exhibited 


by the title of a lamella taken from e firſt, or Tight hand, ſecond, 


third, Sc. column of the left ſide of the box and Placed, on its lid 
e exactly a above and as it lay in that column. a The empty ſpace, if any, | 
towards the left is to be covered with blank lamellz. The firſt, or 
right hand, ſecond, third, &c. figure of the multiplicator ; 18 exhibited 
by che title of a lamella taken from the firſt, or left hand, ſecond, | 
third, &c. column of the right ſide of che box and placed on the for- 
mer lamella exactly above, and as it lay in that column. The remain- 
ing 1paces, , if any, rowards the right are to be covered with blank la- | 
80 mellæ. All the uſeful multiples on the direct lamellz appear through 
che fengftelle, and all the uſcleſs multiples are hid. All the numbers be- 
ginning at the corner next the firſt or right 81 5 figures ty, the multi- 
| plicand and multiplicator, lying between the united ſtrong diagonals, are 
to be added ſeverally; the right hand figures of the ſums, marked down; ; 
: and 1 for every 10, carried to che next N 8. till we come to che oppo, 
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ſite corner: and the work is done. This operation, we truſt, is deſcri- 
bed with ſufficient accuracy and plainneſs to ſuperſede the neceſſity of 


an example. In order that diviſion may be performed by the Promptu- 
ary, it muſt firſt be converted into multiplication by means of tables 

dreſſed on purpoſe, or of tables of the ſines, tangents and ſecants, con- 
ſtructed on the hypotheſis of the radius being equal to unity, followed 
by a certain number of Zeros. That this may be accompliſhed by 
theſe laſt, look for the co-ſecant, or co-tangent of the arc which has 
the diviſor for its fine or tangent. , Make the co-ſecant or co-tangent 


found the multiplicand, and the dividend the multiplicator; or con- 


verſely. Find the product by the promptuary as above directed. This 
product, a number of the right hand figures according to the number 
of zeros in the ſquare of the radius being marked off as decimals, is 

the quotient required. The reaſon of this is obvious: the co- ſecants or 

co-tangents being third proportionals to the ſines or tangents and the 
radius or unity; to multiply*any number by one of the two firſt, or to 
divide it by the correſponding one of the two ſecond of theſe lines, is 


one and the ſame thing. 


* 


tir t, WI ITI NS, AA 


nin 


5 O 0 A L. 1 another 3 ingenious invention . Napier, i is 
— art of calculating by means of counters properly placed on a cheſs 


| board, or fimilar table. Two. "contiguous margins (which we ſhall di-, 
Ringuiſh by the names of left or inferior, and right or lateral) of that 
table, are divided into a number of parts equal to that of their adjoin- 


ing ſquares. The inferior diviſions beginning at the right and the la- 


teral at che left have ſucceſſively inſcribed in them the ſucceſſive terms 
of the g geometrical _rogreſlion I, 5 4, 8, A 324. &c. which are called 


| local numbers | 5 * V 


Coal MON numbers are re to local by Cn. a n 


numbers to common by addition. The common number 1875, for ex- 


ample, expreſſed in local numbers will be found to be 1024; 512; 296 


64; 16; 2 and 1: and vice verſa. The firſt of theſe reductions is ne- 


_ ceſlary before, and the ſecond after any of the operations of common 


arithmetic are performed by this contrivance. By the help of a very 


- fimple table, reduction may be performed with eaſe and expedition. 


| 2 A4 Pur a counter for each local number in the proper Place 


on the lateral or on the inferior margin of your table. For every two 
| counters found in the ſame place, put one in the next higher, after re- 
moving them. Repeat this till no place ſhall contain more than one 
counter. The counters left indicate the numbers required. Thus let 


it be 11 0 8 to find the ſum 75 32 58, and 1099. 1 Put the coun- 
ters 


* * © 5 - - * * 
* 1 2 « 1 5 
8 e E Ls 8 1 
8 4 . I N 5 2 83 9 
4 Nee 2 Bd ed hf. * 
4 * REIN TTY un 7 8 WER - 
- * > : 


— 


* 
S ͤͤ ch 


ters at 1024; 5123 256; 643 16; 2 BR WR eee, 
firſt; at 256, and 2, thoſe of the ſecond ; and at 1024; 64, 8, 2, and 1, | 


at laſt a counter at each of the following numbers 2048; 10 ; 128, 


the two quantities, at its proper place, a little to one ſide, on the infe-- * 
rior margin; and one for each of the local numbers of the leſs of the 
two quantities, at its proper place, a little to the other fide, on the ſame 


_ poſed, for example, to ſubtract 1099 from 1875. 1 put counters at NE ; 


counter on each ſide: of the numbers 1024; ; 643 2, and 1, I remove 
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thoſe of the third. At 1.—I find two counters which I remove, and 
put a counter at 2 where I find other three. I take up theſe four and 
put two, 1n the next place 4 &c. and proceeding in this manner I find 


and 32, which form 3232 the e een V,‚ 


275 0 Subtratt.. P UT a counter for all local 8 of the greater '&f 15 


& — 


margin. Remove the counters found on oppoſite ſides of the ſame place. 
Fe the ſide of the loweſt counter remaining ; take off that above 
; and put a counter in each place between chem. Remove as before. 
ce this till there ſhall be no counters on one of the ſides of the mar- 
gin; and thoſe on the other will indicate the remainder... Let it be pro- 


1024; 64; 8; 2 and 1, to the left of the lateral margin, and at 10243 
5123 2563 64; 16; 2 and-2, to the {lit of that margin. Finding a 


them. My loweſt counter is to the left of 8. I put it to the right and 

n up: 16. above it; as there are no intermediate places, and as the re- 
ng counters are on the fame fide of the margin my o operation is fi- 

The ee en 256, and 8; MAPS! 1 | | 


% 


8 Mor Tirkie sion, 
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o Dividen, _ the extraction of the ſquare root, 
may alſo be performed on the margin: but they are performed with 
much greater eaſe and clearneſs on two contiguous margins and the 
ſquares of the table. On theſe laſt the counters have two different 
movements; the one parallel to the ſides like that of the tour, and the : 
other diagonal like that of the biſhop, on the cheſs board. Every 
ſquare of the table is ſaid to have for its value one of the equal num- 
bers (on the two margins) between which it lies diagonally. The two 
fides of a ſquare formed by counters in the area of the table, parallel 
to the inferior and lateral margins, we ſhall call a Gnomon: this gno- 
mon conſiſting of 3, 5, J, &c. counte rs is ſaid to be congruous when 
its value can be ſubtracted from the numbers left marked upon the : 


« * . 
1 * 8 I 7 * * 4 * 1 
: : . X : 8 — 4 4 
9 : . * 4 . 5 . ; { 
1 y 
, 
4 7 7 8 4 
* * N 4 5 
5 425 - ; \ F - 5 
; * 
* 


7 0 Mattph: Marx with counters the local multiplicacor in the 
rior and” the local multiplicator in the lateral margin. From the 


a middle of the marked places let points be ſuppoſed to move perpendi- 


cularly into the table, and put a counter at each interſection. Remove 
the counters on the margins. Bring the counters in the ſquares of the 
tables to their values in one of the margins; add, if neceſſary, and the 
work is done. Suppoſe, for example, 19 is to be multiphed by 13. 1 
mark with counters Fig. VIII. the numbers 1, 2, and 16, on the infe- 
rior and the numbers 1. 4+ and 8, on the lateral margin, having plas 

ced other counters retangularly. 3 in the table, I remove the marginal 
ones. Thoſe other counters I bring up, one by one, to their proper pla- 
ces in the lateral margin; and, after adding, I find a counter at each 
i uk . | | OP 
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of the following numbers, 128; 645 323 163 43 2, and I, wah form 
f my me 247. ä 


2 0 Divide Ka with counters the local dividend in the lateral, 


1 a the local rie in the inferior margin, beginning at the ſquare 


where a point, deſcending diagonally from the angle above the higheſt 
number of the dividend, would interſect a point aſcending perpendi- 


0 cularly from the higheſt number of the diviſor ; place a ſeries of coun- 


ters parallel to the diviſor : If this ſeries is equal or inferior in value 
to the higher number of the dividend ſi ubtract it from them; and if 
otherwiſe, bring it down. one, two, &c. ſteps and ſubtract. Repeat 

the operation till either nothing, or at leaſt a numberleſs than the divi- 
for, ſhall remain on the lateral margin. Theſe ſerieſes point to the 
numbers that form the quotient. For example let it be required to di- | 
vide 250 by 13. I mark, Fig. IX. the numbers 128; 64; 32; 16; 83 
7 and 2, in the lateral, and 8; 4, and 1 in the inferior margin. 


Mr firſt ſeries points. to 16. 1 fubrra®t it Mn the dirdend and find 


remaining 32 8, and 2. 


| My next ſeries pointing to 4 is too great to he abe for which 
treaſon 1 bring it a "my farther down. | 


{1220 3 * 3 there 8 16. In the ſame manner my third 
feries pointing to 2 I muſt bring to point to 1; which ſubtracted, there 
remains counters on the dividend at 2 and 1. My quotient Is there 


. fore 16; 2, and 1, or 19; and 2 and I, or 3 over. iT fy 
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20 am the ſquare root. MARK the number locally in WE terte 
margin. From the angle formed by the meeting of the inferior line 
with the lateral, let a point aſcend diagonally till it arrive in a ſquare 
of the fame value with the higheſt number that can be ſubtracted from 
5 che number whoſe ſquare root is ſought. In this ſquare place 4 
counter, and ſubtract its value from the number marked in the margin. 
Form the congruous gnomons, which from the foreſaid ſquare have each 
their upper counter in a line perpendicular and their left hand inferiot 
one in a line parallel to the lateral margin: and ſubtract their value one- 
dy one from the marked remainders. The counters, lying perpendi- 
| eularly to either of the margins, point out the ſquare root. Let it be 


propoſed, for example, to find the ſquare root of 2209; I mark the num- 


ders 2048; 128, 32, and 1 on the lateral margin. Fig. X. SubtraQing the 
value 1 024 of the firſt counter placed in the table as directed, the re- 
mainders are 1024, 128, 32 and r. From theſe taking the value 512 ; 
and 64 of the firſt congruous gnomon, there remain 512, 64, 32 and 1. 
From theſe taking the value of the ſecond congruous gnomon 256, 
64 and 16, there remain 64, 16, 8, 4 and 1: and from theſe taking the 
value. of the fourth congruous gnomon, 64, I6, 8, 4 and 1, there re- 
mains nothing. The ſquare root, as indicated by the direction of the 
| counters in the Aae 18 32, 8, 4. 2 and „ r $96 

WIA is "TP Gd will, it 18 1 be caſficient to give a clear idea' 
i the form and uſe of thoſe of Napier's arithmetical inſtruments, which 
feemed to him worthy of being communicated to the public. The rea- 
ſons on which the different operations are founded, depending upon 
che conftruQion of the machines _ the obvious properties of num- 


bers, 


I 3 55a 


1 they 12 make them fond of Tak ſtudy. | 
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ders; muſt occur to every reader endowed wth a moderate Mare of 


attention. The hint of the rods, or viriule nuieratriter and of the 
promptuary which is only an improvement of the rods, ſeems to have 
been taken from the Abacus Pythagoricus or common multiplication table. 


Napiet's acquaintance with cheſs, the moſt ingenious of all games, and 
at Which mathematicians are commonly the beſt players, occaſioned his 
diſcovery of the Arithmetica Italic. The Promptuary, at leaſt for multi- 


plication, is greatly preferable to che rods and the cheſs board; for the 


partial products of rwo numbers, conſiſting of even ten Figures each, 


may, by a little practice, be exhibited on that machine 1 in the ſpace of 


a minute, and no numbers require to be written out, excepting the 
total product. Had che logarithms remained undiſcovered, the promp- 


tuary, in all probability, would have become univerfally familiar t to thoſe | | 


who were engaged in tedious calculations. But to thoſe Who are ac- 
quainted with the logarithms, Napier 5 arithmetical machines and . | 


afterwards invented, a few of which we ſhall enumerate, although tl 
monuments of genius, muſt, in Seneral, be regarded as mathematica 


curiofities of no lp: | 


> 4 
- _ 1 2 
1 9 8 * - F * 2 0 - — +2 4 % 
. * * 
N _- 


Prnn ars put into the hands pt young people learning arichmeric, 


£ 


i 


SHICKARTUS in a letter to Kepler, written in the year 1623, informs 


| him that he had lately conſtructed a machine conſiſting of eleven en- 


tire and fix mutilated little wheels, by Which he performed the four 


| america) een f *, Paſcal, in the. "ou 6. at the age of x nine- 
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teen, invented a machine with which all kinds of computations may 
be made without the pen, without counters, and without the Know- 
ledge of any rule of arithmetic. I have not been able to meet with any 
deſcription of it. It muſt however. have been of a very complicated 
nature as its author was two years.in bringing it to perfection, owing 
to the difficulty he found to make the workmen underſtand him tho- 
- roughly * The F rench writers agree in calling it admirable ; + but the 
name of Paſcal perbaps does it. more honour than it abe This 
; machine is 18 preſerved 3 in the cabinet of the king of F. rance and! in thoſe 
of a few others 8 


1 „ | Tun Marquis of Oo Og a man 5 genius bar a plagiary, men- 
. tions in his ſeantlings of f inventions, publiſhed 3 in the year, 1655, an in- 
=: | firument whereby perſons 3 1gnorant 1n arithmetic may perfectly obſerve 
| 1 5 numerations and ſubtractions of all fums and fractions d. Whether he 
here refers to ſome of Napier's inſtruments, to Gunter's ſcale, of which 
: I ſhall afterwards ſpeak, or to ſome 3 invention of his own is uncertain. 
. | About the year 1670, 5 Sir Samuel Moreland comrived t two arith- 
metical inſtruments; one for addition and ſubtraction, and the other | 
Bo, . multiplicaton, diviſion, and the extraction of the 1quare, cube, and 
Es ſquare cube roots, the deſcripuon of which he publiſhed at London, 
Wes x07 Was 
ET Bil . P Miuven 
; Les hommes | Duftres par Perralt vie EN Paſeal. 5 Bayle Chavfepie Baillt een be. 
2 Pref. Penſees de Paſcal. g No 84. Glag. Edit. 1767. 
** Moreland's Inſtrument of excellent uſe as WE RFI: a, invented and randy experts 


mented in the year 1670, Lond. 1671, Fol. | | - N 
Yes ber ho Phil, Tranſat. e 1 35 « 
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1% 
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1 

4 

bo” 
+ 


! 
: . 


INVENTIONS/or NAPIER ax. 
Mock about the ſame time, Mr George Brown, afterwards Miniſter: 


of Kilmaures in Scotland, invented a machine which, in his account of 


it publiſhed at Edinburgh in the year 1700, he calls the Rotula Arith- 
metica. This machine conſiſts of a box containing a circular plane move- 


able on a center pin and fixed ring, whoſe circles are deſcribed from 
the ſame center. The outermoſt circular band of the moveable, and 


the innermoſt of the fixed, are each divided 1 into a hundred equal parts, | 


and theſe parts are numbered o, 1, 2, 3, &c. Upon the ring there i is 
a @ ſmall circle having its circumference divided into ten equal parts, 


furniſhed with a needle which ſhifts one part at every revolution of the 
moveable. By this ſimple inſtrament are performed the four arithme- 
tical nen not ee _m integers HUG even of ene ine and 


ee 


» 


| Som time before Mr Brown's little book et, Mr Glover had 
publiſhed a Rowe Arithmetique ſimilar to the Rotula but not ſo perfect. | 
| It would appear however that that gentleman had got ſome hints of the 
conſtruction of the Rotula from a brother of his own who had been one ; 


of Brown' O pupils i in 4674 Th. 


7 


Ir the year 1725, an inſtrument invented by M. de I Epine of a more 


ſimple conſtruction and eaſier in its operations than Paſcal's; in 1730, 
another by Mr Boiſſendeau, by which calculation is performed without 
writing; and in 1738 a third by Mr Rauſlin, conſiſting of rods diffe- 


rent from thoſe of Napier, were approved of by the French academy f. 


One of theſe machines is in the library belonging to the faculty of advocates at Edinburgh. 15 
1 Rot. Arithm. Pref + See the Paris memoirs for theſe years. Hiſtoire, 


JI 11 00 


4 
f 
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Sau Reyer invented, at what time I have not been able to learn, a 


kind of ſexagenal rods in imitation of e s, by which TRE 
arithmetic 3 18 cally; — 155 


— 


1 1 27 an arithmetical is which came into my poſſeſſion from 
wy uncle George Lewis Erſkine who, though born deaf, by the aſſiſ- 


_ tance of the learned Henry Baker of the Royal Society at London, ac- | 


quired not only the uſe of ſpeech and the learned languages but a deep 
acquaintance with uſeful literature. This machine conſiſts of a ſmall 
{quare box furniſhed with fix cylinders moveable round their axes. 


Upon each of theſe cylinders, which are only Napier's rods, are engraven 
the ten digits, and their multiples. From a perpetual almanac on the 


out fide of the box, it would appear that this machine was conſtructed 
in the _ I 679. 


: 2s SECTION 


8. K G 1 19 
NAPIER'S THEORY OF THE LOOGARIT HMS“: NEWTON'S IDEAS OF _ 
FLUXIONS, BORROWED FROM NAPIER, = 


| | Shall now proceed to unfold the Logarithms, the diſcovery of which | 
has juſtly entitled Napier to the name of the greate/# Mathematician of bis 


Country. Let two points, the one in N, and the other in L, (Fig. XI.) 


having at firſt a ſimilar velocity, move along the indefinite ſtraight lines 
CND and KL A; the firſt increaſing its velocity or diminiſhing it 
according to its diſtance from a fixed point C, and the ſecond preſerving | 


its velocity without augmentation or diminution. Let the former, in a 


certain time, arrive at any point N' or n', and the latter in the ſame 
time at the point L' or V': the ſpace LL' or LY deſcribed by the ſecond 


moveable point is ſaid to be the Logarithm of the diſtance CN' or C 355 
of che Be from the Aged: point © nk 


1. Taz 3 of CN or 8 is zero : for the firſt moveable 


7 point not having 1 N, the ſecond has had no time to deſcribe any 
8 e . Eq 


2. 


* The t term 3 was firſt uſed wy 1 after wh publication 9 the Canon in which he 


| uſes the term of numerus eee 4 


4 
- 


9 
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T E Logarithms of che terms of a geometrical ſeries are in 
e progreſſion: for let N N-, NN”, NN“, &c. or Nn, nn”, 
nn”, &c. be continual proportionals, they will be deſcribed by the 

firſt moveable in equal times, and the equal ſpaces . 
&c, or LI, II“ V1”, &c. will be deſcribed by the ſecond moveable in 
che ſame times. Now it is eafily demonſtrated that CN, CN', CN", 
Scc. or Cn, Cn' Cn”, &c. are in geometrical progreſſion, and it is evi- 
dent that their reſpective logarithms 5, L E, LI &c: or 6, L I, 
21 L. &. and o, LI, LI, &c. or o, LT, 2 LY, ke. are in arith- 
metical progreſſion. e 1 


3. Taz logarithms of quantities leſs than CN are negative, if thoſe 
of quantities greater than CN are poſitive ; and converſely : for if Cn" 

n, CN CN) CN”: are continual proportional, in order that their lo- 
garithms 2 LI, LI, o, LL', 2 L L., &c. may be in arithmetical pro- 
greſſion it is neceſſary that the terms on en ſides of zero ſhould 
| Have 3 eg ſigns. Hence, | 


4. Taz ben of any gukntiy: 18 the ſame with chat of 3 its re- 
all. the ves roman 1 


| j' - 
4 TA your 
* os 


F. TRE number of chene of e 18 infinite : for the ratio 
of CN to C * and LL“ are indeterminate. 5 


6. Tar logarithms a any one ſyſtem, are to . e ones 
we any [Ons as the value of L 1.1 yy the firſt ſyſtem, is to its value in. 
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| the ſecond.” From the 24 propoſition the four following, expreſſed 3 in 
15 the language of Wige are my deduced. 1 | 
7 Tun 8 of a carat 1s ad to the "Uh of the Lis 
of its factors, Thus the logarithm. of CN X CN" is lint LL“ LL": 
for CN * N. CN” 109 15 


1 


oY Tas bse of a quotient is 1 to the ence of the lo- 
brian, of the diviſor and di vidend. Thus the logarithm of "ov is. 
. LLL e eee 


N 


9. THE n of the power of a quantity is equal + to o the pro- 
duct of the e of thar quantity by the index of its power. T0 
| the 8 of C 6 is 31 LL'=LL”: for N N 1 OH 


3 


10. Ta E logarithm of che root of a a quantity is equal to the quot 


ent of che logarithm « of that quantity by the the index of ts root. Thus 


e of V is; 1 LL; for AT: 


. th 7 and 8 ch propoſicos the two o following a are evident... 


Ir. Tur a een of an extreme or mean term af a geometri ot | 
proportion, is equal to the difference of the ſum of che logarithms of 


_ means or extremes and che logarithm of the other extreme or mean. 


. = 
o * 4 - C 
2 k IN 6% 3 2 1 * 5 4 18 . 
* k F & 5 : bee : 3 
; * . x . . 1 4 > a4 þ «4; 
© 1 A 5 a : Q x : * 9 : 
TE % \ 19 
A - 6 — 


ft 


— 


Fg 


by Ir WBITIN GS. AND! 


A OY PR CR all the primary numbers are W 0 
of all the compoſite numbers may be found by ſimple addition; and if 
all the latter are known, all the former may be known by ſimple ſub- 


Fon the and or the gth and roth propoſitions. FRE NN 


rithms 3 . define merorum pr 
: | equidiſerentes omites ; 5. or Tore properly. (as their Name, vg zecke, 1 8 
5 ports) Numeri rationem exponentes 3 3 becauſe they denote the rank, order, 
or diſtance, with regard to unity, of every number-in'a ſeries * can | 
tinued 01:06 HH of an indefinite number of terms. | 


— 


„ 
e 


2 8 81 N 7 Ne TT, A > "7 b 
ir, Tus 1 I. 0 any. quantit. cn is greater aha the aid, 8 


ference Nn between CN or unity and chat quantity, and leſs than chat 
difference, increaſed i in the proportion of CN to the nid q quantity: for 1 
8 the velocity of the ſecond moveable deſcribing LI being greater than | 
dat of the firſt deſcribing No during the ſame time, LY i is greater t than 
8 Nn or CN—C'; and the velocity with which NN“ is deſeribed, being 8 
greater than that with which LI“ is deſcribed, in an equal time, LI is | 
leſs chan NN' or c or pon: Cn': CON: Nb 8 : 


«4 


Hence," : 


N 


"1 . N J * ” ˖ # * 41 
# 12 2 * r 1 4 >» e 4 #4 2 3 _ 7 V * 4 p ** # 7 i f v . 1 W N 5 72 . 8 1 
1 "Ix a : 4 2 2 N 8 5 0 8 
* 2 2 & ES E : „ E LEE 6 * #4 £5 © . te ” Fe =: 
* * 4 * _ 
- » 


Ig Ty a quantiry Cn 70 ters infinite 7 litile Hons an: or a K kg 
"+4: 70 aus 7 z ECG al bad © i 
eim 17 will [ be equal to 8 3 a Ah = n aritl - 


2 


metical | 
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metical, or to [cN- — -Ca] x ax: ON the gromerrcal mean x bermeen its 
Limits above ated. ate 


"x6, Tron W 11” of the logarithms LI and LI" of any two 
quantities Cn' and Cn“ is leſs than the difference n' n- of theſe quanti- 
ties increaſed in the proportion of the leſſer Cn“ to N or unity; and 
greater than the ſaid difference increaſed in the proportion of the greats. . 
er Cn' to CN or unity: for reaſoning in the ſame manner as in the Loh 
me 11” will be found to be leſs than NN' or r [fince Cn"; CN:: 
ITS CN * 7 n'n”, e e | 


"x 7: If che Greed of two numbers Cn"and Cn” is infitay dual 
the difference of their logarithms will be expreſſed by the maps . 
(en. + Cn”) Xx (Cn'. —Cn'") X CN or the en mean Cn'— Cn” 


2 Co'X On” N 5 We | 1 ee N 
* CN W its Wai Pe) Aa Beautiful, ingenious and pro- 


found Such is the manner in which Napier conceived the generation of 75 
numbers and their logarithms, and ſuch are ſome of cheir relative pro- 


N s manner of explaining the doctrine of fluxions, muſt be ſtrucx 
at its reſemblance to this of our Scotiſh Geometer. This reſemblance, 55 
or rather identity, is conſpicuous not ates" in their ideas but in their 
very words. The explana on ; 


definition in the Canonis mi- 
rifici ds {eferiptio i is in the ming terms: Sit pundtus A, 4 quo ducenda 1 
ob es guru alterius pu hy ws B. Fluat e bremo moments B ab A 


2 


in 


which naturally flow from it. Thoſe who are acquainted with 7 


„ 


S 
— 
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in 8 3 momento a Cin D. Tertio momento d D in E atque ita d- | 


| incepe in infinitum de d, -ſcribendo lincam AC D EF, &c. Intervallis AC, CD, 


DE, EF er ceteris deinceps qualibus, et momentis qualibus' defcriptis, c. 
1 che appendix to the Canonis mirifici confiruttio, under the article Habi- 
| tudinics Logarithmorum, he thus expreſſes. the relation between two natu- 
Tal numbers and the velocities of the increments or decrements of their 
I 3 Ut ſinus major ad minorem ; ita velocitas incrementi aut decre- 
ment * majorem. "What moo 18 chere ehe this mann! and 


Gat ofthe great Men now in uſe x: „es, y; Tag x*? 


"Tax ſeeds of the i invention \ of the e Wor were „ ly 0 the 
ancients as well as by the moderns, upon the revival of ſcience in Eu- 
rope, before the time of Napier. In the elements of Euclid, and in the 


— 


Axenarius of nen, t. theſe N men ſeem to have been very well 


b eee 
e Hatton'sConrution of Laurin v 43 1nd 45 5 11 
F In che Arenarius of Archimedes] Without entering in this place, on the 3 of ab receiv= 
2 opinion, that this great Mathematician had made the firſt ſtep towards the Knowledge of the Lo- 1 
garithms, I ſhall content myſelf with giving the reſult of the enquiry, by one of the ableſt Mathe- 
maticians in the country, to whom I addrefſed myſelf, when I firſt ſet myſelf to produce this work, 155 
and who having ſucceſsfully iluftrated the diſcoverics of the Prince of Engliſh Un a a 
ly came forward. to contribute his ſhare to the triumph of our Scotiſh Newton.. 
. Archimedes demonſtrates a Theorem concerning numbers, made by the mutual muktiplication if 
the terms of a geometrical progreſſion ; by means of which Theorem the principles of Logarith- 
mic compntation may eaſily be demonſtrated. Archimedes, therefore, had he been furniſhed with ta- 


; dle ef Logarithms, would have known how. to uſe them: But it appears not, that he was poſſeſſed of 
any principles, which could lead him to the formation of Logarithms He could avail himſelf, indeed,. 


of the indices of the powers of numbers, to abridge the labour of multiplication, as we now avail 


5 eee for the Vie per: But the gur beteen this method by the Natural e. 


* 
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| acquainted with the eee of an arichmetical to a geomerrical 
| progreſſion “. 1 FR ORR e b 2 EE 
MchAEI. Stifellius, a German Arithmetician, who flouriſhed about 
the middle of the fixteenth century, in his Arithmetica integra ſtated the 
| 1 3 , 2, 1 | 
com ariſon between the ſeries Tj * 3 to e. $6 in 
is | Ko, Is: , „ c. obſerving 
that the prod uct or quotient of any two terms of the former correſ- 


ponded to che f um, or difference, of the equidiſtant terms of the latter. 


1 Wen Wurr urn 
: 7 "FH = the ed of Logarithms, is wider ow it may at firſt fro,” Any Number, not itſelf 

ariſing from a root, is the root of a diſtinct progreſſion of Powers. Hence there are as many diſtinct 
progreſſions as there are numbers not actually powers: And in all theſe progreſſions the homologous 
powers have the ſame exponents or indices. Thus 3 is the exponent of the number 8 in the ſeries 
of the powers of 2. But 3 is equally the exponent of 27 in the ſeries of the powers ef 3; of 125 in 
the ſeries of the powers of 5 ; of 343 in the ſeries of the powers of 7: and univerſally of all cubic num 
bers; ſo 4 is the exponent of all biquadratic numbers; 5 of all quadrato-cubic; and ſo on. A num- 
ber therefore is not ſufficiently characteriſed by its exponent unleſs it be known to what ſeries of pow=" 
ers it belongs, that is from what root it ariſes. Add to this that many mithheſs fall into no natural 
ſeries of powers. This method therefore of computing by the natural indices of powers ariſing from 
he natural numbers as roots, will only ſerve the purpoſe of rude calculations leading to ſome very ge- 
Seu ee mull fail in all lun; in which accuracy is required. Archimedes never thought 
of conſidering all numbers as expreſſions of proportions, capable of blk enn included in one 
general ſeries of ratios, which notion is the true baſis of Napier's great invention; as will be more ful- 

Iy explained hereafter, For the invention in effect was this; that he found a method to raiſe a ſeries' 
ol proportionals, in which all numbers ſhould be compriſed, in which every number of conſequence 
bad its own particular exponent, and to find the exponent of any given ee or the humbes of : any, 


| given exponent in that univerſal ſeries.” - x ; 
In the courſe of this work, i will be Eee proved that- Napier was a a8 much the firſt to con- 
eeive as £0, execute this wonderful project. LY) EEE 92 Hf NANNY PTR 3 1 $75 A 1 5 


13 * Thoſe who wiſh to. recollet how much we are indebted to 1 ancients, in this as well as in many 
other departments of ſciences, will read with , Mr Duten's OY: into the iti of * * 
woreries attributed to the moderns, 9 8 0 : WE 7 


= 


— 
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1 Napier ever ſaw or heard of this remark of Stifellius is 
not known, nor indeed is it of any conſequence ; for it cannot fail of 
preſenting itſelf to any perſon of moderate acuteneſs who happens to 
be engaged in arithmetical queſtions of this nature where the powers of 
numbers are concerned. It is not therefore this barren though funda- 
mental remark that can entitle him who firſt mentioned i it to the name 
of the 1 inventor of the logarithms. The ſuperior merit of Napier con- 
fiſts 3 in having imagined and aſſigned-a logarithm to any number what 
ever, by ſuppoſing that logarithm to be one of the terms of an infinite 


arithmetical progreſſion, and that number one of the terms of an infi- 


nite geometrical progreſſion whoſe conſecutive terms differ infinitely 
V 8 


of 7 ; L < 
Us * 


Tun invention of che logarithms has been attributed to Chriſtianus 
Longomontanus, one of Tycho Brahe's diſciples, and an eminent aſtro-- 
nomer and mathematician 1 in Denmark. The hackneyed ſtory which- 
- gave riſe to this, is told by Anthony Wood in his Athene Oxonienſes , 
and is as follows; One Doctor Craig, a Scotchman, coming out of 
Denmark into his own country, called upon. John Neper baron of Mer- 


<-chiſton near Edinburgh, and told him among other things of a new. 


* 


invention in Denmark (by Longomontanus as tis ſaid) to ſave the 


L tedious multiplication and diviſion 1 in aſtronomical calculations. | Ne- N 


per being ſollicitous to know farther of him concerning this matter, 
che could give no other account of it than that it was by proportional » 
« numbers. Which hint Neper taking, he deſired him at his return to 
* call 1270885 _ e Mk 10 em wee Ks nnd paſſed did ſo, and 


| (c « Neper. | 
; 1 HOY e 
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« Hover then ſhewed him a rude draught of what be called Canon Mi- 


Drabilis Logarithmorum : Which draught with ſome alterations he prin- 
« ting in 1614, it came forthwith into the hands of our author Brigge- 

* and into thoſe of Will. Oughtred, from whom che relation of Ow” 
* matter came.“ 


Ts ſtory 1s either entirely a fiction, or much miſrepreſented. There 
is no mention of it in Oughtred's writings “. There are no traces of 
the logarithms ; in the works of Longomontanus T, who was a vain man 


and ſurvived Napier twenty nine years , without ever claiming any 


right to the invention of thoſe numbers, which Bb for TROY years- 


been univerſally vn: over | Agrees: 


THE alle hypotheſis may perhaps aloe the ſtory « of Antho-- 


ny Wood. Might not Craig, whom reaſon and Tycho Brahe could 
not diveſt of the prejudices of the Ariſtotelian philoſophy which ke had 
imbibed, on returning to Edinburgh from Denmark, viſit Napier and 
tell him among other literary news that Longomontanus had invented 
a method of avoiding the tedious operations of multiplication and divi- 


fon 11 the ſolution of triangles? After getting the beſt anſwers this 
doctor could give to Napier's queries relative to this method, 1 per- 


+4 


ceive, ſays the baron of Merchiſton, that Longomontanus hath 1 inven- 


ted, improved, or ſtolen from the Fundamentum Aftronomicum, the Proſ- 


thaphereſis of. Payne: but if you will rake ea trouble of bn, Upon 


| me 
* Oughtred's Clavis Math. Oxon 1677, Ke. > ef {na Be i and Ward's Eves, N. 


Briggs. 
; Voſſius (de Nat. _ cited by Warts 18 the Home: of Longomontanusin he's year r. 


9 


Fd 
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me ſome time hence, I will ihew you a method of ſolving triangles by 
proportional numbers quite diſtinct from this we have been talking of; 


which method came into my head ſome ſhort time ago, and will re- 

quire many years intenſe thinking and labour to bring it to perfection. | 
Accordingly | a few weeks afterwards, when Craig returned to Merchi- 
ſton, Napier ſhewed him the firſt rude draught of the Canon Mirificus. 
Craig, having occaſion to write very ſoon after to Tycho Brahe, men- 
tioned to him this work without ſaying any thing about its author *, 


* ; 


. JosTvs Byrgius alſo, inſtrument maker and aſtronomer to the Land- | 
: grave of Heſſe, a man of real and extraordinary merit, is ſaid by Kep- 
ler, in his Tabulz Rudolpbæ, to have made a diſcovery of the Loga- 
_ rithms, previous to the publication of the Canon Mirificus, The paſ- 
ſage referred to is as follows: © Apices logiſtici, Juſto Byrgio, multis 
annis ante editionem Nepeiranam, viam præiverunt ad hos ipſiſſtmos 
| logarithmos (i. e. Briggianos) etſi homo cunctator et ſecretorum ſuorum 
cuſtos, fætum in partu deſtituit, non ad uſos publicos educavit. That is 
the accents („ „ „ „ &c. denoting minutes, ſeconds, thirds, fourths, f 


&c. of a circular a led Byrgius to the very {ame logarithms (now 1 in uſe) 


I manyyears before Napier t work appeared : but Juſtus being indolent and re- 
eve (or jealous) with regard to his own inventions, ſorſook this his offs pring 
Bo 07) in ils birth, and trained it f not #7 for public ſervice. : 
* Nihil autem (writes Keplep to . fupra eee rationem efſe puto: etſi 8 
Scotus quidam, literis ad Tychonem anno 1594, ee Jam ſpem fecit Canonis illus Mirifici, wo. 


Epil. a Gottheb. Hantſch. folio P- 460. 


--4 'Thus Byrgius might c conceive Log. aL o 
94 5 * 
g. a = 2 


1 3 Log 1 8 3 dc abedy wy ne Kt 6. 8 


„ N 4 
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In may be obſerved that this affair reſts on the ſingle teſtimony of 
Kepler; but: it would perhaps be conſidered as a ſpecies of hereſy to 
doubt the teſtimony of ſo great a man. It has been inſinuated, how- 
ever, that from partiality to a countryman he might imagine he ſaw 
more than was really to be found in the papers of Byrgius *, Indeed 
the expreſſion, fietum in partu deftituit, gives a colour of truth to the ins 
ſinuation, and tempts one to think, that Juſtus' acquaintance with the 
logarithms, was much on a par with that of Stifellius. Moreover, it 
is highly probable, that even the profound and penetrating Kepler might 
| have peruſed the manuſcripts of Byrgius, without paying any particu- 
lar attention to his principles of the logarithms, had he himſelf not been 
: previouſly acquainted with Napier's theory of thoſe numbers. * Neither 
does it ſeem probable that Byrgius, had he known its value, could have 
been ſo indolent, ſo unreaſonably reſerved, and fo dead to the ſenſe of 
reputation, as to conceal from all the world an invention ſo uſeful and 
ſo glorious. We know alſo, that he communicated to his ſcholars and 
others a moſt} ingenious and eaſy method of conſtructing the tables of the 
natural fines F. But ſerting all this entirely aſide," and grantifig a great 

deal more in favour of Byrgius than Kepler 8 words impute to him ; ; 
| nothing can thereby be detracted from the merit of Napier, who never 
ſaw or heard of Byrgius' pretended diſcovery of the logarithms ; for, 
of Kepler's own confeſſion, homo cunfator et e n cutos, hoc 
inventum aon ad uſus Publics educavit. 

| 1 „ 17 


* Montucla Hiftoire des ks | 

+ This method is unfolded, and dedicated to Juſtus Byrgius 5 its inventor by Ke iu bis Fande- 
mentum Aſtronomicum. See alſo a part of a letter of Rothmannus to Tycho Brahe in Gaſſendi Vit. 
Tych. anno 1592. | „ | 5 
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Ie is therefore upon clear and indubitable evidence that, cum ds aliis 
contendant gentes, omnes Neperum logu- 
ria ſolus fine æmulo fruitur * ; 


all agree in recog Napier as the unrivalled author of the loga- 
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'NAPIER'S METHOD or CONSTRUCTING THE LOGARITHMIC- CANON, 


Hap Napier's principal idea been to extend his logarithms to all arith- - 
metical operations whatever, he would have adapted them to the ſeries 
of natural numbers, 1, 2, 3 4, &c. In that caſe, having conſidered 
che velocity of the two points as continuing the ſame for a very ſmall 
ſpace of time, after ſetting out from N and L (Fig. XI.), he would have 
taken Nn itſelf as the logarithm of CN + Nn, or Cn. Now as Cn ſur- | 

paſſes CN or unity by a very ſmall quantity, it is evident that, when 
raiſed to its ſucceſſive powers, there will be found i in the ſeveral pro- | 
ducts ſuch as are very near in value to the natural numbers 1, 2, 35 1 

&c. agreeably therefore to the above theory (Sec; III. prop. 9. Nn be- 
ing equal to d, and x being a poſitive integer, any natural number may 


be derne by (1 h; ah its logarithm 1 in Napier g ſyſtem by x d. | 


| By this 1 1 the 1 of all the RO Tout ma 3, 
FRE 5. 7. &c. be calculated; from which thoſe of all the compoſite numbers 
"4x 6, 8, . 18 &c. are eaſily deduced by fimple additions (Sect. III. 
props 7 ) or by ee by 2, 3, 4, * Ke. (Sect. III. prop. 9). 
5 Napizx 8 
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Nae1zr's views were entirely confined to the facilitating of trigono- 
metrical calculations. 'This is the reaſon of his calculating only the lo- 


_ garithms of the fines; the log. of any given number being 8 4. 


duced from theſe wy means of a PROPEFDIOs, 7 


In es to effect his 3. he confidered that the radius, or fine 
total, being ſuppoſed to conſiſt of an infinite number of infinitely ſmall 


and equal parts, all the other fines would be found in the terms of a 


geometrical ſeries deſcending from it to infinity; ; and that the logarithm 


of the radius being ſuppoſed equal to zero, the logarithms of all the ſe- | 
ries, beginning with the radius, would be found 1 in the terms of an a- 


rithmetical ſeries, aſcending from zero to infinity by ſteps equal to | 


the logarithm of che ratio in which che e ſeries deſcends, 8 


* 


AckzEABLx to this idea, he ſuppoſes the radius= ON = 1000 0000, 


and firſt conſtructs three tables, of which the firſt contains a geometrical 


ſeries deſcending from the radius to the hundredth term in the ratio of 


| I0000000 to 9999999- It is formed by a continual ſubtracting, from 
the radius and every remainder, its 1 o000000th part. The decimals _ 
in every term are babe to "ORE Frenth Place: a a ſpecimen ig this table 


follows. 


' 10000000 


INVENTIONS or NAPIER. 658 


10000000 . 0000000 
1. 0000000 


2 1 


99 
9999999 


— 
83 


| SOON” 0000001 
5 _ 9999999 


F 1+ 


% a Wl 


9999997 - 0000003 
9999997 


9999996 0000006. 


and ſo on to 


9999909 + 0004959 


_ 


. 


Tux ſecond table contains a geometrical ſeries deſtending from the 


radius to the fiftieth term, in the ratio of r00000 to 99999, nearly 
equal to that of the firſt term I 0000000 . .0000000 to the laſt 9999900 


4 0004950 of the firſt table. It is formed by a continual ſubtracting, 
from the radius and every remainder, its 100000th part. The deci- 


mals are e to the ſixth . A e of this table follows. 
7 10000000 . 0000000 _ 
10% 8 * 


1 5 3 r 


„ . 99999900 000000 
5 7 99 999000 


/ 


= 9999800 . 001000 


99 . 998000 
© 9999790 « 003000 
99 992908 5 _ 


© 


9999600 + 006000 


4 1 3 and ſo on to | 
| 9995001 222927 | 
% 
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5 Tux third table conſiſts of ſixty nine columns of twenty one terms- 
F 5 0 The firſt column contains a geometrical ſeries deſcending from 
Wet the radius! in the ratio 010000 to 9995, nearly equal to that of the firſt 
EE | term I0000000 .. 000000 to the laſt 999501 . 222927 of the ſecond ta- 
ble. It is formed by a continual. ſubtractin g, from the radius and 1 
17 remainder, its 2000th part. The decimals are puſhed to the fourth. | 
15 place. The firſt, ſecond, third, &c. terms of all che other columns are 
2158 0 geometrical ſerieſes deſcending from the firſt, ſecond, third, &c, terma 
. 8 7 daf the firſt column to the firſt, ſecond, third, Ke. terms of the laſt co- 
*** lumn, in the ratio of 100 to 99, nearly equal to that of the firſt term 
10000000. 0000 to the laſt 9900473 57808" of the firſt column. Each. 
of theſe ſcriefes i is formed by a continual ſubtracting, from the firſt; ſe- 
. cand, third, &c, term of the firſt column and from every remainder, 
its 100th part. The decimals are ee to the tourth. ner or oy 
cimen of this table follows. Tbs „ 1 


a 10000000 « 000009: . 
Os „ 


F ; © 9995000 . 00000: Ro 
| 4997. - So „ 


9990002 . o õj« ” ex © 
+. 4905 e, „ 


99985007 . 49875 
. 4992 + 59374. 


- 1 
* 


7% 9986014 . 99501 


and ſo on to 
9900473 · 57808 5 
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| Havin G generated the above proportionals in this 3 ingenious and 
ca Ways he finds their Ah Mp in the en manner: 


By prop. 14. or 15. where N= 10000000 P he 
finds LI (the log. of 9999999) =1.0000000 5: the logarithm therefore, 
* prop. 20 of its laſt or. ;Looth term of the firſt Tn) e 9004950 


By prop. . 17. where cn 99999900 - 00049 50 Cn“ 9999900 / 
..0000000 and LI'=100 . 00000 5, he finds 11” (the difference of the lo- 
garithms of Cn- and Cn) O. 0004950; the logarithm therefore (of 
99999) LI“ is 100 . 0005; and by prop. 9. the logarithm of (the laſt - 


or 5oth term of the ſecond table) 999501 . 222927 is 5000 . 025. 


Br the ſame 16th or- 1 7th propoſition, he found the logarithm of 
999 5000 . 0000=5001 .:2485 387; for, by the continual addition of this 

logarithm to itſelf (prop. 7), he obtained all the logarithms of the num- 
bers of the firſt column of the third table. In the ſame manner he 

| fo und the logarithms of all the firſt, ſecond, . &c, terms of the 
other columns o this table. 


TRus did Napier ac what he. cats; the Radical i Tale, of. . | 


5 which a ö follows: DO 
| | RADICAL 


p © 5 


"ft ; 
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: ! df Rt & D 10 A L;- IF ABL ; 1 
FIRST coLoih, © cen coroner, © 

ef e | ARTIFICIAL. | naTYRAL — [anTIFICIAL: 
10ðꝑ 0 . 0000 | & © || 9900000... 0a0o | 100503 . 4 

p | 99950. 0000 5% 2 989550. coco 105504. 6 
9990002. 500 10002. 5 9890102. 4750 110505. 8 
998507. 4987 | 16. 7 [ 9885157. 4237 | 115507. f 

x 9980014. 9950 | 20005. 0 9880219. 8451 | 120508. 3 
Fr |  ,andſo on to | andfoonto | andſoon to [andfloonto  - _ 4 
| | 9900473 « 5780 | 100025.0 o 9801468. 8423 | 200528 . 4 | 
1 * And ſo on to 1 
1 doll 69. 1 VCR 
5 5 a NATURAL. * ARTIFICIAL. „%%% RO ig 
9 . $048858 8900 6834225 8 _.- FF 

* . 5046333 . 46056 6839227 . 1 3 | f 
8 gonzo 29 3 e e e 
1 . | 5041289. 3879 | 6849229. 6 „ | 
3038768. 7435 6854230. 8 . 

5 adnd ſo on to and ſo on to : 

9 | 4998679 » yt 6934250 + 8 

© 


- $5 | | hk . | * 1 = 


Tun E utthberd Ad Westie in as rs table, aniueding nearly 
with the natural and logarithmic ſines of all the arcs from 90® to 30% 
he'was enabled, by means of prop.. 16. or 17. and a table of the natural 
ſines, to calculate the e ſines to ga minute of the/ [laſt 605 


5 f the 8 N : 
; In order to obtain the — of the fings of arcs "POR 30?, - be 
Propoſes t two methods. 3 oral, 


Tur firſt 3 is this. He mA any . fine of an are leſs chan 


30⁰ by the number 2, 10, finding che ary of the numbers 2; 
and | 


INVENTIONS or NAPIER nd 
and 10 by means of the radical table, or takes ſome one of the co 7 
pounds of theſe ſo as to bring the product within the compals of cke 
radical table. Then having found, in the manner before deſcribed, 
che logarithm of this product, he adds to it the logarithm of the mul. 
ene e e een e „„ 


Tu dew method i is atk PRE a 8 of the fines which 
He demonſtrates. The property is this: Half the radins is to the fine 
'of balf an Arc, as the fine of the complement of half that are is to the 
fine of the whole arc. Hence, as is evident from a foregoing prop. 
that the logarithm of the fine of half an arc may be had by ſubtracting | 1 
the logarithm of the fine of the complement of half that art from the: 
ſum of the logarithms of half the radius and of the fine of the whole *, 


5 By this ſou had, which | is much eaſier than As kit, the lo- CV 
158 | Larithms of the fines of the arcs below 45* may be obtained; s Ls 
above 45* having been calculated by help of the radical able oo © © MY 


THz logarithms of the ſines to every minute of the quadrant, being 5 
found by the ingenious methods above deſcribed, the logarithms of 
(he tangents were eafily deduced by one ſimple ſubtraction of the lo- 
0 Sarithm of the fine of the complement from that of the fine for each _ _ 
. The logarithm of the radius, which ſo frequently occurs in tri- 4 ö be 1 4 
Ks gonometrical folutions, having been. very advantageouſly made equal 1 
| to zero, the logarithms of all the tangents of arcs below 45% and f 1 
all the lines muſt have a different N from that of Nane logarithms 1 e 5 +1 
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All the tangents of arcs above * Napier choſe the poſitive Gomifor 
the former which he calls abundant, a and the negative for the latter 
W he calls defefivi. 


* 


TE arrangement of the numbers in Napier's logarithmic table, is 
nearly the ſame with that neat one which is ſtill in uſe. The natural 
and logarithmic ſines and the logarithmic tangent of an arc and of its 

5 "complement Rand on the ſame line of the page. The degrees are con- 
tinued forwards. from 0? to 44 on the top, and backwards from 452 
ED to 90? on the bottom of the pages. Each. page contains ſeven columns; 
5 he minutes deſcend from o' (to 30“ or from 300) to 60' in the firſt, and 
from 60 (to 30“ or from 300) to of in the laſt of theſe columns. The jo 
natural ſines of the arcs, on the left and on the right hand, occupy the 
- _ ſecond and fixth column, and their logarithms the third and fifth re- 
ſpectively. The fourth column contains the logarithms of the tangents 
Which are taken poſitively if - they refer to the arcs on the left; and ne- 
gatively if they refer, to the arcs. on. the right hand. A eee, of 
this table. is here annex et. 51 . 
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I the Ape di a to the Canonis ae confliulti, Napier PP IEEE three 


| ad methods of computing the logarithms ;. but as theſe methods are 


generally better adapted to the conſtruction of a ſpecies of — 
different from that I have aa I ſhall ue the account 5 
chem to the next ſection. 
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; d by which Napier eonſtructed the radi 3 


ſpecies of logarithms it contains: It does 


„ I | f a . 
| : % , n 
5 | . not ſeen, however, to be ſuſceptible of all the accuracy one would wiſh : 
3 x 5 
oO for, notwithſtanding the many precautions he had taken, particularly 
6 in p his numbers to ſeveral decimal places, the logarithms f in his 
IS  _ canon differ from the truth by ſeveral units in the laſt figure. Of 
5 25 - this he himſe was appriſed y fin different reſults from the two 
methods of d th lo ithmic fines of ot I be 
SE, | met etermining e 189 c fines of arcs under 30+ Mor. 
* ; i 
; þ 2 333 E ; 5 7. a 
„ der to remedy ng another zero to the radi- 
5 us; by which means, i in P ſame method, arithms of 
LiF, 8 2 ee * . 
. he fines might be o | e. 
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| Tix COMMON. LOGARITHMS DEVISED BY NAPIER AND PREPARED BY 
* ee AND THE METHODS PROPOSED BY NAPIER: rox COMPU- 
" TING THEM, te TO 1 ;p 
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On NE Gy” diſadvantage e e che te of logarithms which 
firſt occurred to Napier, ariſes from the difference between the ſign of 
the logarithms of the tangents of arcs greater than 45? and the en of 
ts neg: of the Gnes of all the arcs of the Wen 
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ITI 8 defe Was PPT aig 4 ggg the Gmalleſt polüble | 
Gai equal :0 1 and its logarithm o; as in this caſe, the logarithms of 
all the Lines, and tangents of every arc in the quadrant would have che 
ame ſign. But, if the ſame ſpecies of logarithms is made uſe of, che 

arithm of the radius, which occurs ſo frequently in trigonometrical = 
folutions, would be a number difficult tobe remembered. More, there- 
fore, w would be loſt chan gained by this alteration. What ſpecies of lo- 
garithms will free us ſrom a difference in the figns, and at the ſame time 
afford a logarithm of the radius chat ſhall be ealily remembered and E 
eaſily managed? It was this very queſtion, in all probability, that leg | 


| to ddl eonon 2 which, e en nee | 
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to our modern arithmetical notation. This ſyſtem of logarithms has 
tor its baſis 1 as Togarithm of the ratio of ro t6 f: ſo tharthe powers "Rl 
10, 100, 1000, Kc. of the number 10 have their reſpective logarithms : 
o, „ Ne Here, by the bye, it max be obſerved, that not only 
Napier s manner of conceiving the generation of the logarithms, but 
his having computed rhat ſpecies of logarithms, which has been dif- 
eribed; before the common logarithms occurred to him, is a convincing 
be I, hit not taking" the hint of the logarithms from the remark of Stifellns, 
formerly mentioned. I think it is even beyond doubt that Napier, in 
common with all other arithmeticians acquainted with the Arabic, ore 
rathet Indian figures, had obſerved that the product of any power of 
the number 10 by any other power of that number, was formed by | 
Joining or adding the zeros in the one to thoſe in the other; and that 
the quotient of any one power of that number by any other, was for- 
1 by taking: away or defacing a number of zeros in-the dividend e- 
Anal to the number of zeros in the diviſion; and all this without think- 
ny that ke Stine at tlat time, making the fundamental remark: of the : 
garithms. Nor will this feem at all farpriſing to thoſe who are ac 
Fer with the hiſtory of ſcience and of the human mind. It is ſel-. 
dom chat we e Greatly arrive at r truth by the moſt nd and eaſy path. 8 


* 
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eke ben Seer ITT that in Napier lym the velocity ere twomen able points i a 
Fig. XI. is equal and that. the logarithm (LI) of any number (CN. L Na)x or 1. oo00000, 1) x is near- 
wp ec ta (hh or. [40000000, 14. In the common. ſyſtem the velocity at L is.leſs than the half 
ae pelocty at N; and .the logarithm II of the number CCN. Nn] - Cor pe r TY Is ee ; 
- equal [0.4342945] Nn xc or [0.0000000,0434,2945]*: for in making this ſuppof tion che 

of 10, is found to be 1. The logarithms therefore in Napier's Eytem ard to the correſpondent. ones 
Au ibe common fyſtem as 1 is to 0. 4343945 on what in the ſame thing the e 
e TR Es ee 
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Perhaps the ſkrongelb ank of tlie greatneſs of Napier” s genius is. not - =o 
Kis inventing the logar but his manner of inventing them. But ä 
to return; In this new ſyſtem the radius was made equal to the 1oth 2 
power 10000000000 of the number 10, of which the logarithm in the oY 
new ſcale is 10 The diviſion of the radius into ſo great a number of 
parts, render the fine of the ſmalleſt Cenfible/ arc greater than 1, of 
Which the logarithm i is zero: conſequently, the logarithms of all the 
fines and tangents of the arcs of the e being on the * fide 
of . bars che mene ee ee ee 301 ee eee any 


1 4 ; % g FE 33 
#7: Eat 2 IT 2 33 1 7 77 ER LA ee rn Wo CCC ͤ ID 0 4 oe 7 2 1 „ IT; 
8 4 „ - 3 NA LS 4:53 N 7 4” = LE - ar I - 6 *« 1 5 = 2 * * * LY 2 4.4 a 4.44 wy rw 


| Bern redes vue. nin; in ingly mans Ee 5 
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Tnvs in our common lo the cee of Napicr's y dem 
are avoided, whilſt its advantages are retained and united to ſeveral 
others. Of theſe additional advantages in the common canon, the - 
capital is, chat the units in the firſt figure (to which Briggs gave 
os name of: charaReriſtic) of the logarithm arcifewes! bons 
Sb nen to which that logarithm 


nne Napier, or . 5 ft FRO this new e of log 25 
ithm. nen enen De. ; 
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J. eIx a letter to Uſher afterwards Archbiſhop of Armagh dated the 
roth af March 1618, the year afte che publication af Napier's Canon. 
| Brigge writes thus *, Napier. lord of Nerchiſton hath ſet my head 
Land, band at work with his nexy and admirab ithms : 
Vito ſte hun a this zſummer ad: it pleaſa God; for 1 Never: fink a ibook 
eee e e made me more wonder.“ . th: 
8 is T0 ettdiiorod od N FFC . 
»bPodatthbdedigation, et lis Rabdologia,publiſhod. 1617, Nupicr has 
the following words, © Atque hoc mihi figk Propoſito, ogarithm 
* canonem a me longo tempore elaboratum ſuperioribus annis nd 
%anravii Muigrejef᷑is patifralibus numeris, et [optrationibug qu per 
© eos fiunt, difficilioribus, alios ſubſtituit idem præſtantes per faciles 
< addtiones, ſubſtractiones, CN et tripartitiones. Quorum Þ 
| 2 2ftantiorem nunc etiam in- 
* n, eee n e Deus: lon- | 
gionen vita et eee ufuram con eſſe 


— Wee ob & 05 if 


e Wunde bern [Lordioi es den 
% metriæ Proſcar et amico mihi longe chariſſimo'. „ | 
J.,. bonnie THO oagaitÞ to avigeld cnuranys 

HE EN 8 the eee eee 

common logarithms of the firſt thouſand natural members, Briggs/ezs 

preſſes himſelf in the following terms; ; © Why, theſe logarithms differ . 

e from! 'thoſe Ter: thoby their llaftrions ide oper 
memory, in his cation. mirgſicus, ic be . ft us 


#x * e make en 8 1 oy 
® The tif of Arco Ver and his ecke. by Richard Par, v. D. 1686, Os. 


= the Application. of the common logarithms to ee n purpoſes, 
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IV. In the preface the Abi e 6e * there is the fol A 
. paragraph, Quod hi logarithmi diverſi ſunt (writes Briggs) ab | 
is quos clariſſimus vir baro Merchiſtonii in ſuo edidit canone mirifi- | = 
co, non eſt quod mireri, enim meis auditoribus Londini publice in 55 3 
_ © Collegio Greſhamenſi horum doctrinam explicarem; animadverti mul 1 - 
"© to futurum commodius, ſi logarithmus ſinus totius ſervætur o zero 
(ut in canone mirifico) logarithmis autem partii decimæ ejuſdem ſinus 
* totius, nempe ſinus 5 grad. 44 min. 21. ſecund. eſſet 1.00000,00000 
* atque ea de re ſcripſi ſtatim ad ipſum. Authorem, et quamprimum 5 
« hic anni tempus, et vacationem a publico docendi munere licuit, 
< profectus ſum Edinburgum; 5 ubi humaniſſime ab eo acceptus ZV 
per integrum menſem. Cum autem inter nos de horum mutatione 1 
« * ſermo haberetur ; Ie /e idem dudum ſenſiſſe, et capuiſſe dicebat: ves 
„ runtamen iſtos, quos jam paraverat, edendos curaſſe, donec alios, ſe 
per negotia et valetudinem liceret, magis commodos confeeiſſet. IC. 
0 © tam autem mutationem ita faciendam cenſebat, ut o eſſet logarithmus 15 
ͤunitatis et 1, 0000 . 00000 ſinus totius: quod ego longe commodiſſi- 
mum eſſe non potui non agnoſcere”. 5-66 Capi igitur ejus hortatu, re- 
« jeQtis illis quos antea paraveram, de horum calculo ſerio cogitare, et 
. * ſequenti zſtate iterum profectus Edinburgum, horum quos hic exhi- | 
« beo præcipuos, illi oſtendi. Idem etiam tertia æſtate libentiſſime my 
« -'turus, fi Deus illum nobis adn Gr alle: welder 1 en 
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pr 0 may here be . that che manner in kth Briggs 1 


© ® Publiſhed in 1624. | 15 WES 


J Vlacg in his title page to his edition of Brigg? $ 1 writes to the e © Hos numero 
05 primis invenit clariſſimus vir Joannes Neperus Baro Merchiſtonii; eos autem ex ej uſdem leu Mae 
2 ien Cans 27 ortum et uſum * Hearicus Briggius'' 
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dd not a all tend to obviate the 


For according to Briggs idea the ſign of the hats of the fines anc 
the tangents leſs than the radius muſt be the oppoſite. of the ſign of the 
" logarithms of the tangents greater chan the radius. It ſeems probable, 
therefore, chat Briggs had been led to the common logarithms in en- 
deavouring to get rid of the indirect method of finding the logarithms... 
he; natural numbers 1 enn ee Canon. Oy 


v3 e $6 : 1 f 1 


apier chan e i HG (whe: mo- 


ö of what he ibm to Brigg s at their firſt meeting, and to the Earl 
Ute. *mhne > In. the dedication of t . e Rabdologia. But if the ha- 
rſt, communica d an inventions! to the WO OE: fuſficient to enti- 


5 tio han Nag be WAR e app | 
_ the logarithms: *.. For Briggs mentioned it to Bis epd z in Greſha | 
- College W che publication, in 1616, of Edward Wright's tranſta- | 
tion of che Canon Mirifcus, i in the Preface to which Napier | gave the 
firſt notice: of this improvement. With regard to the paſſage in che 
| ubliſhed after Napier's-death, where Briggs 
| acknowle gment from the editor of the Canonis mi- Y 
rifici canſtructie, that he had alſo. imagined the new logarithms ; the . 
__everfight or fault lies at the door en hn and-not at his own. 
Hal Napier ved to publiſh his liſt mentioned work, it is hard] y poſe: 
Ae to entertain a ſhadow e that he would have. done am- 
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ple juſtice to Brig gs in this particular, Napier and Briggs had a reci- 

procal eſteem and affection for each other, and there i is not the finalleſt 
evidence of there having exiſted, in the breaſt of either, the leaſt parti» 
de of Omen a enn ae and a in a man 


merit. $f e e Tg 


- l 
„ 


W ſhall difinifs ahi affair with ee I. - That 0 che inven» 
Gon of the logarithms, the diſcovery of the beſt ſpecies of logarithms was 
no difficult affair: 2. That the diſcovery of the. common logarithms ar 
chat time, Was a fortunate circumſtance for the world, as there are few | 


poſſeſſed of ingenuity and patience ſufficient for the eonſtruction of 


fuch extenſive and accurate tables as are thoſe of Briggs Arithmitica' 
 begarithmica; and 3. That the invention of the new ſpecies of log I 
rithms is far from Mon Kio to ſome other of Briggs inventions. ö 
| We come now aka a very —— of thut er ale. 
of eunſtrucküg the eee inn by beg in che en to 
his ee Wen, | | 


4 - Taz firſt of theſs ROY is the Anil : The Wine of ir 1 | 
ing ſuppoſed o, and the logarithm of 10 1 followed by any number 

15 of zero, 10000000000 for example; this laſt logarithm and the ſucceſ · 
five quotients divided en times) by the number 5 will give theſe (ten) 

: logarithms | 2000000000, 400000000, 80000000, 16000000, -3200000, , 
640000, 128000, 25600, 5120, 1024 to which the reſpective correſpon- 
dent numbers may be found by extracting the th root, the 5th rot 
e che 5th root, the 5th root of the 5th root of the 5th root, &c. of 


Lo 
2 * 
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the n 1 o. Then the laſt logarithm 1024 and the ſucceſſive quo- | 
tients divided (ten times) by the number 2, will give theſe (ten) loga- 
rithms 512, 256, 128, 64, 32, 16, 8, 4, 2, 1, &c. to which the reſpec- 
tive correſpondent numbers may be found, by | extracting. the ſquare 


root, the ſquare root of the {quare root, the ſquare root of the ſquare 


root of the ſquare root, &c. of the number (found as above directed) 


correſponding to the logarithm 1 924. By addition theſe (twenty) lo- 
garithms, and by multiplication cheir r eſpective natural numbers ſer ve 
for finding a great many other logarithms and their numbers. 


Tux ſecond method is this: The logarithms (o and 10000000000 for 


example,) of any two numbers 1 and 10 being given, the logarithm 
8 of any intermediate number (2 for example) may be found by taking 
continually geometrical means, firſt between one of theſe numbers. (19) 
and this mean, then between the ſame number (10) and the laſt mean, 
and fo on till there be found the number (2) wanted; of which the lo- 


m will be the correſponding arithmetical mean 55909 57) be- | 


3 7 


tween x the two given logarithms G and 1 . 


Tan third ed is as e Sanaa the common logarithm of 
a number not an integral power of 10 (2 for inſtance) find the num 


ber of figures i in the 10th, xooth, 1oooth, &c. power of that number: 


The ſucceſſive numbers of figures (4, 31, 302, 3011, &c.) in theſe pow. 
ers (22, 2929 2D, 270000, Kc.) will always exceed by leſs. than unity, 


but continually. rms to the ae [ 39192999566, Pd re- 
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Tas firſt of theſe methods is very operoſe, and by itſelf infülglent 
for conſtructing a complete logarithmic canon, The other two are ; 
much preferable, The laſt is particularly well adapted for finding the 
8 logarithms of the lower prime numbers: For, ſince the number of fi- | 
gures in the product of two numbers, is equal to the ſam of the num- 
ber of figures in each factor; except the product of the firſt ma in 
each factor be expreſſed by one figure only, which often happens; 
few of the firſt, or left hand figures of the conſecutive tenth powers 
of the given number, will ſuffice for finding the number of en in 
theſe e 11 


"03 Tus laſt method depends on the diſtinguiſhing property of the com- 
mon logarithms, which is, as was formerly obſerved, that the units in 
{x] the rational logarithm of a number [10*] are one fewer than the 
number of figures' in that number [x of Whence it follows, that 
_ the units in the irrational logarithm of any other number are not quite 
one fewer than the number of integral figures 1 in this other number. 
Now, as in a ſeries of continued proportional numbers, the reſult of 
any two terms is the ſame, if one of the terms is raiſed to the power 
indicated by the exponent of the other, or if this other is raiſed to 
the power indicated by the exponent of the firſt ; any number, raiſed 


to the power indicated by the logarithm of 10 is equal to 10 raiſed to 


the fewer indicated by the logarithm of that number. If, therefore, 
[the logarithm of 10 being 10000, &c.] V is any momber: not an inte- 
gral power of 10. and y its logarithm, we ſhall have Vie, Kc. = 10 
and the number of e in Loe, Ke. will exceed y by leſs than 1. 
f . 8 SECTION, 
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THE IMPROVEMENTS MADE ON THE LOGARITHMS. 


THE improvements that have been made upon the logarithms after | 
the death of their inventor, regard the theory, the methods of conſtruc- 
tion, the accuracy, extenſiveneſs, and form of the tables of theſe- 
numbers. 5 . : E 
_ HoweveR'ingenious and beautiful Napier's manner of delivering the 
theory of the logarithms is, 1t muſt be acknowledged. that it labours 5 
under one capital impropriety treating geometrically a ſubject which 
properly belongs only to arithmetic. Senſible of this, Kepler , Nicolas 
Mercator f, Halley t, Cotes ||, and other mathematicians of the firſt 
note, have treated the theory of the logarithms in a different and truly 
| ſcientific manner. Their ideas are founded on the definition of the lo- 
| garithns—Numeri rationem exponentes ; which, although it is not expreſs - 
ly Napier's, is eaſily deducible from his theory. Thus, in a geometrical 
progreſſion, having any finite number c greater than unity for it's baſis, 
the exponent x is the logarithm of the ratio of the number c* to co 
* Chilias Logarithmorum 1624. Tab. nn 16h: + Logaithmo technia, 16685. 
4. Phil. Trans. 1695. || Harmonia Menſurar. 1722. | : 
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'- __ This ſcale is of very great uſe in Navigation, and in all the practica 
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or unity: And, if che quotient of two quantities is taken as the meaſure | 
of their ratio, the definition is rendered more ſimple, and x will be the 


logarithm of cr. Upon chis principle is founded the oped theory 
of the 4 ao in e e ; 


1 | ay EY chiefly the | 500 laſt methods, | deſcribed in the foregoing i 
ſection, that Briggs conſtructed his logarithms. He invented alſo an 
original method of conſtructing logarithms by means of the firſt, ſecond, 
third, Sc. differences of given logarithms. How he came by it 18 not = 
known. He deſeribes it in his arithmetica logarithmica and there: is 
diemonſtration of it in Cotes 8 Harmonia, i in Bertrand's Mathemati n 
| and in the works of a great many other authors. bf 26 
5 Eo MUND Wins: Profeſſor of Wehe 4 in C Creſhana College, who 
was the firſt that publiſhed a table of the logarithmic fines and tangents 
of that kind which Napier and Briggs had laſt agreed on, applied, in 
ce year 1623, or 1624, the logarithms to a ruler which bears his name, 
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parts of geometry where much accuraey is not required On the ac- | 
count of this logarithmical i invention, men after e and weh | 
COT the beſt claim t to tans toons . dude. Jo te | 
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Res TY Napier death almoſt & fikey years 7. elapſed wn the 8 
bf che expreſſions of the logarithms by infinite ſerieſes. Of theſe the 
three following, from which a 9 05 tral of ne are Mie nw 
ved, were the firſt, * 9 „„ ; | 
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Logarithm of -= a -N. - Y 


8 


Logarichm of. (= 0 e, 41. +8. — 5 —— = 


THESE formula X, I, and Z will converge the more cb in pro- YN 
: portion as a is ſuppoſed leſs than unity; and the-ſum of a few terms 
wall generally ſuffice. They are the values of Napier's logarithms; but 

will repreſent every ſpecies of logarithms by being multiphed by. an - 
indeterminate quantity 4, which is called he modulus of the ſyſtem. 
Tur FH x: was invented by Nicholas Mercator in a year I 1667, 

| Ho publiſhed in his Logarithmotechnia. the year following. Gregory of 
St Vincent, about twenty years before, had ſhe vn that one of the aſymp- 
totes of the hyperbola being divided in geometrical. progreſſion, its ordi- 
. nates parallel to the other aſymptote are drawn from the point of divi- 
viſion, they will divide into equal portions, the ſpaces. contained be- 0 
tween the aſy mptote and the curve: From this it was afterwards, point 
ed out by Merſennus, that, by raking the continual ſums of choſe parts 
there would be obtained arcas in arithmetical progreſſion correſponding 
to abſciſſes in geometrical progreſſion, and conſequently that theſe ar- 
cas were analogous to a {ſyſtem of logarithms . Wallis, after his, had 15 
. remarked that the ordinate correſponding to the abſcis a, counted on 
the aſymptote of the equilateral hyperbola. from a diſtance equal to the 


7 1 ; and he had demonſtrated, i in his drihme- i 


ſerni-axis 1,18 equal to 
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; Go al publiſhed 3 in 165 2 chat ha Cohan of 19 +2= 4 354. Sec. | 
=== +2 (a repreſenting a finite quantity divided into an infinite mums 
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ber be equal parts) i 18 equal to . *, Wich theſe data Mercator ſet 


- hindelf to find the arca correſponding t to the abba. a, or, har; is tha 
fame thing, the logarithm of C + a), which he happily accompliſhed by 


7 developing, in the manner now commonly practiſed, the fraction. 


77 into 1—a + 4 —4 + &c.. which. had not been yn before: 


then, ſuppoſing a equal ſucceſſively to 1, 2, 3. 4, Mens a, and. 
Hhſtly, taking CR na the ſums of all the Zero, I OE third, 
Ver powers of theſe numbers 13 | 


— 


In the Cite year 1668 James. e in his Exercitationes Coder 


trice, gave a demonſtration: of Mercator” 8. formula for the quadrature: : 
of the hyperbola different from his. He demonſtrated the formula 12 


and found the formula 2 by ſubtracting Y from X. He found too the 
che value of log. (1—f J=—e Lang f—&c. by adding Y to X; but 
this formula may be looked on as a ſoleciſin when applied to numbers: b 
for the fame reſult will be obtained by ſuppoſing # a to be a ſquare, in 
the formula Y; and even a more general reſult” may be obtained by: 
. @ to be any Pane of a number. 155 


7 Ifaac 1 by * 8 method of the 1 e _ 5 
| greatly Gmplified that of the quadrature of the apes ſpaces of the 


| equilateral hype rbola. The ordinate, (being « as before = 
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3 "A a the 8 of the abſciſs, becomes FE garden of the carreſ-. 
ponding aſymptotic area: is product, developed 1 in the manner ol 


. + 4 rec. Taking the fluent. of each term 
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of chis ſeries gives the fluent of the; area that- is; the logari | 
K equal to X as before. It appears, from a letter KY obs bo 
Oldenburgh, that Newton had diſcovered the quadrature of the hyper- 
bola by infinite but perhaps not general ſerieſes, before the publication a 
of the Logarithmotechnia *. x, Gann; of che dame kind A allo o beep 
ents e jm F 9H Ir Tt a K 5440 
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| Thurs arcas * hs equilatzta) Weben as dans deſcribed, exhib ting 
the logarithms of Napier 's-ſyſtem, oceaſioned che appellation Herbede 

to. his logarithms. It is difficult to account for the propriety. of this e- 
pithet to Napier' s logarithms ; ſince not only the aſymptotic. arcas of | 
: equilateral but thoſe 6 any other- hyperbola may be made to, repre-: 
ſent every poſſible ſpecies of logarithms, by ſuppoſing, in the ſame har 
perbola, the origin of the abſeiſſes on the one aſymptote at differeng | 

diſtances from its interſeCtion with the other. Thus the aſymptotic Aly 
eas of the equilateral hyperbola will repreſent the common logarithms, . 
if the origin of the abſciſſes is taken at the point on ee 
where the ordinate is uU=0 , 43429 &c. the diſtance of that poi nt from 
f. : 


2433 £4T- ..I FC 012 
the other aſymptote being greater than the ſemi-axis but equal to 1 


But if the origin of the abſciſſes is taken equidiſtant from the ſummit 
of the hyperbola and the interſection of the aſy mptotes, the afymptotes 
of the hyperbola, whoſe arcas repreſent the common logarithms, are in- 
elined to each other about 2 $2. 44 : of which the ſine 3 is U=0.43429 &c. -l 


+% 


Dot, RR x 3 1 33 allo org: Sa; from Fre Togarich : 
mic — curve whoſe abſciſſes are the logarithms of its ordinates or 

| | ER „ HOT ;  converſgly 
# . 3 Die EY 3. pe 634 and ſeq. cited by Hutton. 7 > 3 4 Appendix, 5 
LY Hyperbola. . Hutton's Math. i Tab. ; Eneyclopedie au mot 3 Appendix, Le- 
18 1 2 cit! dic. . ks 1 | 7 ; . ; we f 9 ö 
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conver: ey. This curve is ſaid to have been invented by Edmund 
Gunter 81 but its properties, ſome of which are very remarkable, do 
not Teem to have been much known and attended'to till the time of 
| Huygens, who enumerates them in his Caſa gravitatir, It was conſi- 
dered afterwards by Leibnitz, Bernoulli, THopital, and a great many 
others. The manner in which it is treated by John Keill in the tract 
- on the logarithms ſubjoined to his edition of Euclid, facilitates very 
much the conception 155 theſe numbers. In the Appendix the reader 
will find this curve trea d in a new ee with an enumeration of 
| Janis wow pro FF 
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4 nE fame rms N 14 Y are rei: Lees _— whe: tic me- 
 thod from Neper 8 generation of the logarithms. From what is ſaid in Aa 
foregoing ſection it 18 evident that (Fig. XI.) the velocity of the firſt | 
Wo che at the point N is to its velocity at the point N“ as CN is to 
Ni; but the velocity of the firſt moveable at the point N is the ſame with 
dle chart of the ſecond moveable: point at Hoy point of ow L'; 
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he refore,1 in the language of fluxions, i if NN' =a, Log: & + a): 4 5 


NM =a en a+ 2 c. therefore Log. 
I+a 


FE Er +2 =ke. Af the 1 points n. and 1 are taken, Fe may be- 


> Hs 


Thewn | in n the ſame manner r that Log: i —.— Hape me FE Pl: 
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2+ a, therefore Sat (1+ a) = => 
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In the year 1695, "THU" | Halley Yo SRD the 3 of che | 
bers, by 1 the {enicles for their conſtruction wn che ef 
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. Gples of common Algebra independently of any curve. He was the 
; ___- Arſtalſo, if I miſtake not, that gave the general ſeries for computing 
| the numbers correſponding to given logarithms “. The analytical the- 
ory of logarithms, in the Appendix, 18 nearly on Halley's plan, but 
Was materially finiſhed before the author {aw his treatiſe, 


6 To 1 or N all the ables of e which have 
been publiſhed ſince the invention of theſe numbers, would be tedious | 
and uſeleſs, and indeed next to impoſſible. We ſhall reſtri& ourſelves 
to thoſe which are the moſt conſiderable and the moſt uſeful. 
| In the Benjarain icy Aa ei to the —_ 
„ Brandenburg, publiſhed at Cologne, with his Trigonometria, a Table 
of Napier's logarithms of the ſines to every ten ſeconds of the quadrant. 
He ſeems to have been at much pains in computing it, and, in order to 
obtain the logarithms true to the neareſt unit in the eight figure, he ſup- 
n che radius followed Þy an additional zero, as FEB had adviſed Þ 


In the Gow year, | Kepler 8 at 1 kis Chilias Logo: | 
rithmorum ad todidem numeros rotundos &c. and, in the year following, a 
| Topplement to it. In this table, the logarithms are of the ſame kind 5 
| with theſe 91 Napier, Dk adapted to / 122 nes in  arichroetical progres 
81454 tables of the ſame Se of logarithms have been publiſhed 
| by T. Siraſon in his fluxions, by Dr Hutton in his Math. Tab. and by 1 
TY great many others, to eight places. In Euler 8 Tutroduch ;0 in in analyſi hat 


|  ® Phil. Tranf, for 1695. Kepl. Epik. | | 1 


vs . 
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. chere is a ſmall table of the firſt ten natural 8 with 
their logarithms to twenty ſix places; and, in Bertrand's work formerly 
| mentioned, there are the logarithms of a great many of the firſt hun- 
dred natural numbers, and of ſeveral others, to the ſame number of pla- 4 
Les. Some of theſe differ from the truth, by ſome units only, i in the laſt 
figure, and the logarithm of 61 is wrong in the ſixteenth figure from 
the left hand. In the Appendix there is a table of Napier's logarithms 
of the firſt kpdred and « one natural numbers to e ſeven e 
I the year. en n publiſhed at London bi . Loga- 5 
ritbmica. This work contains Briggs or the common logarithms, and 
cheir differences, of all the natural numbers from 1 to 20000, and from 
900⁰⁰ to 100000 to fifteen places, including the index or-characteriſtic.. 
In fome copies, of which there is one in the Library of the Univerſity _ 
of Edinburgh, there i is added the logarithms of the numbers from 
100000 to 101000, which Briggs had computed after the former had 
been printed off. Before his death, which happened in 1630, this au- 
thor completed alſo a table of the logarithmic fines and tangents to fif- 
teen places, for the hundredth part of every degree of the quadrant, and 
joined with it the natural ſines, tangents, and ſecants, which he had be- 
fore calculated. This work which Briggs had committed to the care ; 
of Henry Gellibrand, at that time profeſſor of aſtronomy i in Greſham 5 
College, was tranſmitted to Gouda, where it was printed under the 3 in- 
ſpection of Ulacg, and was publiſhed a at London 3 in 16 3 35 with the title : 
af 7 * Britannica. 1 


| Tursz tables of Briggs Hen i not "DHA Wee for their . : 
neſs and accuracy together ; ; thoſe of his ow that have been re- 
examined 5 
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Geena W ſeldom been found to differ from che cruih by more 
than a W units in the fifteenth. * . VVV 
In ah year 1638, a Tha of POT in- Holland, 00 + filing 
up the gap betwixt 20000. and goooo, which Briggs had left, repub- 
liſhed the Arithmetica Logarithmica, together with a table of the loga« 
rithmie ſines, tangents, and ſecants, to every minute of the quadrant. | 
Some years afterwards, he publiſhed his Trigonometria Artificialis, . con- 
raining Briggs logarithms of the firſt twenty thouſand. natural num- 
bers, and the logarithmic fines and tangents, with their differences for 
every ten ſeconds of the quadrant. In both theſe works, the logarithms 
are carried to the eleventh place inen the en An: are held in 
much eſtimation for cheir correctneſs. : VVñ ae 
| Abnanan AER of Yorkſhire, 3 his Geometry Improved, 
in 1717, a table containing Briggs' logarithms of the firſt hundred na- 
rural nawbees; and of all the prime numbers from 100, to 1100 and of | 
all the numbers from 999980 to 1000020, to fixty two places including. 
the characteriſtic. There is the greateſt probability of all theſe loga- ; 
rithms being correct. The laſt forty-one Lo 999980 to e 
were verified afterwards by Gardiner. F e 


4 — 


10 


"Ta BLES of the logarithms, carried to 0 great A number of places 3 as 


5 choſe of Sharp, Briggs, and Ulacg, ar are. ſeldom uſed ; the logarithms to 


eight places incluſive of the characteriſtic being ſufficient for all com- 
mon purpoſes. The moſt uſeful tables are thoſe which have the loga- 
richms correct to the neareſt unit in che eight figure, diſpoſed ſo as to 
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W up „Bute room, and, at the ſame time, to afford che eaſieſt ad moſt, 
| ſpeedy means of finding the intermediate logarithms, or numbers cor 
reſponding to given numbers or logarithms, The form of the ta- 
blies beſt adapted to anſwer theſe purpoſes was firſt introduced by Na- 
| _ thaniel Roe, a clergyman 1 in Suffolk, in his 7; abulz Lagarithmice, print- 
: ed at London i in 1633. This form was improved by John Newton, in 
his 0 Britannica publiſhed at London in 1658, and by Sher- 
win in his Mathematical Tables, of which the firſt edition was printed in 
1705. It has received additional 1 ene me in Mr Callet's eition 
of Gardiner $ Tables Oe at Paris 1 in 1 755 .* | 


% Ag 
22 


Tux Ucpobton of the whites? is as e Each page of the 8 
* the natural numbers is divided into twelve columns. The firſt co- 
lumn, titled N at top and bottom, contains the natural number. n 
the ſecond column, marked O, are the logarithms, without the charac. 
teriſtic, of theſe numbers: the three firſt figures, belonging to the lo-. 
garithms of more numbers than one, are ſeparated by a point from the 
other four figures of the logarithm of the „e of theſe numbers and 
are leſt out before the other four figures of the logarithms, of the reſt. 
In each line of the next nine columns, marked with the nine ſignificant 
digits 1, 2, 3, &c. are four figures, which, united to the firſt three iſola- 
ted _—_— of the ſecond column in the ne line with them, or above 
| them, 


» Tables 5 portatives de 3 bee a . par e e Angmentee et perfectio- 
nees s dans leur IO 2 5 M. 27 5 et N avec la EP N eraditude contenant 0 
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en fecomde 1 pour 42 deux premiers degres et r de 10 en 10 dne i bor 0 tous les eb FO quart de. 
eirele; precedees d'un precis elementaire ſur Vexplication et Puſage des logarithmes « et ſur leur ap- 4 
Mlication aux calculs d'interets, a la Geometrie- pratique, a l' Aftronomie et a h Navigation; ſuivies 
de 2 tables N et whe diſcours qui en NO 9 A Paris 1 1765 
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them, form. the logarithm of the number arifing from the junction of 
5 che digit at top or bottom to the fi gures in che firſt column, correſ- 
ponding to ſaid four figures. When the laſt of the three firſt figures 
of a logarithm, correſponding to a number formed by figures in the 
firſt column and a fignificant digit at top, is found augmented by uni- 
ty. theſe three fi gures, together with the correſpondent fours, are moved 
a line downwards; by this means one avoids the miſtaking one three 
| figures for another, which, without ſpecial care, muſt often be the caſe- 
in uſing Sherwin's, Gardiner's or Hutton's Tables. The laſt column 
contains the differences of the conſecutive logarithms, together with the. 
proportional parts correſſ ponding to the nine digits. With theſe pro- 
portional parts one can compute by the eye alone the logarithms, not 
in the table, of all the numbers leſs than 102 9600, and, with very little 
trouble more, thoſe of all numbers leſs than 102 g6000, as exactly as eight 
places of figures can exhibit them. In the table of the logarithmic 
ſines and tangents, the degrees and minutes are diſpoſed nearly in the 
ſame manner as in Napier s Table. Each page contains eleven columns. 
In che firſt R laſt are the minutes. In the ſecond and laſt but one 5 
are the ſeconds o, 10, 20, 30, 40, 5O, o, and o, 50, 40, 30, 20, 10, o, of 
which the firſt and laſt zeros are in the ſame line with and the reſt be- 
tween each ſucceeding minute. In the third, fifth, ſeventh and ninth 
columns are the logarthmic fines or coſines, coſines or ſines, tangents or 
cotangents, and cotangents or tangents, according as they refer to the 
degrees at top and the minutes and ſeconds in the firſt and ſecond co- 
lumn, or to the degreees at the bottom and the minutes and ſeconds i in 
the laſt penult columns. The other three columns contain the differ- 
ences of theſe logarithms. The above deſcription will become perfect- 1 


ly Ns be inſpeQing the Loving ſpecimens of cheſe Tables. 
+ 4 T ab. 
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J LLTILWR ETTNG'S, af | 
I. . 125 | TAB. DES LOG. DES NOMB. NAT. 1 
2 N 0 \' 3 3 4 -| 5 . 8 9 
1408 | 170. 2617 | 2911 | 3204 | 3497 | 3791 | 4084 | 4377 | 4670 | 4964 | 5257 
8135551 | 5844 | 6137 | 6430 | 6723 | 70t7 | 7310 | 7603, | 7896 | 8189 | 
82 8482 8775 90689361 96549947 | 5 | 
171. , BORE Ye „ 0240 | 0533 4 0826 | 1119 | gz 
83 1412 | 1704 | 1997 | 2290 |} 2583 | 2876 | 3168 | 3461 | 3754 | 4046 | 
84 4339 | 4632 | 4924 | 5217 | 5509 | 5802 | 6095 | 6387 | 6680 | 6972 | 
i 7265 7557 7949 1:$142 3434 8727 93119604 9896 
333 l , ] 43 * 9019 1 Me ES 7 
86] 172. 0188 0380 | 0173 | 1065 135716491941 223325262818 
87 3110] 3402 | 3694 | 3986 | 4278 | 4570 | 4862 | 575454465737 
88 | 6029 | 6321 | 6613 | 6905 | 7197 | 7488 | 7780 | 8072 | 8364 | B655 | 2 158 
ff, d ðꝭ1 , FE 
. „ 3 7 0113 | 0405 69788 | 1280 | 1571 | 4 
: 1490 1863 2154 | 2446 | 2737 | 3028 | 3320 | 3611 | 3903 | 4194 | 4485 | 
3 * Te q „ BR A ©. .. . — 8 1 | 853 . 7 F 
3 | » | . | - . . (2 * 0 x = LY L G6 
„ 4 „ Þ 5D . 
F aB. DES LOG. DES. SIN. ET TANG. 
„ 12 DEG. „ 3 
1 fin. diff, | co- in. lä. . diff. co- tang. „ 
3 — — — | — — — 3 1 EE — — — — 5 
20 | 09. 32959. 88 9 9. 98985. 97 | 9.33973.91 0. 66026. 9 0| 48 
33 „„ 86 | 46 J 1009 5 V*VVö‚ß 
—_— 9.32969. 50 963 9.98985. 51 47 9.33984. 0 1009 o. 660 16. oo | 5c , 
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Tursz Tables, which are executed with a new and elegant type on 
good paper, form a ſmall octavo volume. There is every probability 
in favors of their correctneſs. They are copied from the London edi. 
tion of Gardiner printed i in 1742, which is in the higheft eſtimation 
for chat quality. Meſſieurs Callet. Leveque and Prud homme, three 
good mathematicians, reviſed the proof ſheets, as did alſo the editor M. 
| Jombert three ſeveral times. M. Didot ſenr. the printer formed the 
models of the types and founded them on purpoſe, and the editor avers 
khat, during the courſe of the impreſſion, none of the figures came out - 
of their place; a precious advantage which he imputes to the juſtnefs 
9 che me e IL M. Didot has ennie! in his a en 


HT 


1 


Turi RE is an n additional f improvement, which Iam n ſurpriſed none or 
the editors of our common logarithms has thought of making. What 
1 allude to is the uniting, to the tables of the logarithms of the natural | 
numbers and of the ſines and colines, the logarithms of their recipro- 
cals (cheir arithmetical complements , as they are called). By this | 
means, all the common operations by logarithms might be performed by 
addition only, without any trouble. The logarithms of the natural 
numbers might be diſpoſed « on the left hand, and thoſe of their recipro- | 
cals on the right hand pages. The characteriſtics of the latter, being 
equal to the difference between 10 and the number of integral figures i in 
the natural numbers, would be as eaſily found as thoſe of the former. 
The logarithms of the reciprocals of the ſines and-cofines might, i in each 
Page, be put in the fame line with the eee of f the Lines and coſines, | 

| 5 | having ; 
The arithmetical e of the logarithms were e firſt thought of by Jake Sperdell, who, ix 


kis/ new logarithms firſt publiſhed i in 1619, and ſeveral times afterwards, avoided the inconvenience 
| of the f in Napiers logarithms by that eontrivance. : | 
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having alk common racy between them, as the logarithms of the 
tangents. and cotangents, which are reciprocals of each other, have 
theirs. Ir is very likely that the preſent edition of the Tables portatives 
Will ſoon be exhauſted. If, 1 in a ſecond edition, M. Jombert adopts the 


propoſed amelioration, he will do an eſſential ſervice to the communi- 


0 ty. 1. The computation might be accompliſhed, by a good arithraetici- 
an, in little" more than |three hours labour every day for half a year. 
2. The type and length of the page being the ſame, the book would be 
little more chan a fourth part e and would all be of : a convenie nt 


ſize. 5 


S 


% © 


In the Goh of wha I 584. chere were publübed . for 
| publiſhing, by ſubſcription, A 7. able of Logarithmic fines and tangents, taken 
at . fight to every ſecond of the quadrant, accurately computed to ſeven places of fi. 
gures beſides the index: to which will be prefixed a table of the logarithms of 
numbers r from. 1 70 1 00000, inſcribed, by fermiſſion, to the right honourable and 
honourable the Commi iſtoners of the Board of Longitude, by Michael T, Taylor, one 
of the computers of the Nautical Ephemeris, and author of a Sexageſe mal Table, 
publiſhed by order of the Commiſſioners of the Board of Longitude. The plan of 
„ work was ſubmitted to the Board of Longitude, who came to a re- 
ſolution to give Mr Taylor a gratuity of three hundred pounds ſterling 0 
towards defraying the expence of printing and publiſhing it. This cir- 
cumſtance ought to be a ſufficient recommendation of Mr Taylor, and 
it is to be hoped, that his laborious and uſeful undertaking will meet 
with che encouragement and recompence from the public which it ſo 
juſtly deſerves. In the ſpecimen annexed to the propoſals, tlie degrees „ 


n a8 ae at. the *P and bottom of an Pages the ſeconds. en 
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the feſt column: the: minutes are diſpoſed along the tops and-bottoms Nh 
of the other columns: immediately below: the: minutes at top; ſtand 


te characteriſtics, and below chen the three next figures. of ; i 
the nn, the other four figures filling eee It is to be 


regretted, that an improvement, ſimilar to M. Callet's, has not been 
adopted in al work, the ea aha: 3 before; tlie . 
of che Ae 1 


* 


- 


Tur tables of Jogarichans which, wah os that News 3 men- 
N tioned, are moſt in eſtimation, are thoſe of the edition of Sherwin, 

which was corrected and publiſhed by Gardiner i in the ſame year (1 742) 
with his own tables—Thoſe by Deparcieux *, * and thoſe of the mall 
| OUR, of Ulacq Fa at lit: in e and 1760 15 


| Tax London * of b which has bi deſervedly ee | 
as containing the moſt accurate ſet of tables, is not entirely free from er- 

rors. There i is, at the end of Dr Hutton's tables, a liſt of about fifty er- 

rors in the logarithms of the natural numbers, ſines and tangents; twenty 55 
of which he himſelf diſcovered in collating the proofs of his book with _ 

che like parts of Gardiner's; all of theſe, however, that gentleman ob- 

| ſerves, are not in all the copies of this edition. In the Avignon edition 
of Gardiner (1770), the errors pointed out by Dr Hutton are above = 

ſeventy. All the errors of the London edition. are correRted i in che 

Fs ables Hines, excepting chat of the Jonny of the natural numbers 1 
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Brok concluding this ſection, we ſhall ſay a few words of the lo- = x 
| garithms called logiſtic. The logiſtic logarithm of a number of ſe- 
cConds is the exceſs of the logarithm of 3600“ above the logarithm of 
chat number of ſeconds. A table of theſe N was firſt given 
by Strut in his Afronomia Carolma publiſhed in 1661 *. A ſimilar one 
is given in ſeveral of the common logarithmic ables... C 
; — 2 a SECTION 
e Tab. portatives. | | 5 | 
: o , A 5 2 Fr 
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„ 


| THE general uſe of the logarithms, as was before obſerved, is to con- 
vert every ſpecies of multiplication and diviſion into addition and fab- 

traction, and to raiſe quantities to any given power, and to extract their 
roots by eaſy multiplic ations and diviſions. Examples of theſe operati- 
ons, particularly in trigonometry, are prefixed to almoſt all the moſt con- 
fiderable tables of logarithms. | We beg leave to refer the reader to 
Gardiner, Callet, Sherwin, and Hutton, where he will find the ATR 
e and 8 of — numbers. 


3 _— 


: * 


Tun 8 of the logarithms has ok it in our power to e a 
great eaſe, an equation in algebra, which before could not be ſolved but 
with difficulty and tatonnement. In the equation 4* = 2b, if bis the un- 
known. quantity, its value is found by multiphring 4 by itſelf ag often 


as there are units in x—1 : Again, if a is the unknown quantity, its 


value may be found by extracting the xth root of 3. But if & is the 
unknown quantity, algebra, without the logarithms, can furniſh no di- : 
rect rule for N its value. 1 e 18 cafily accompliſhed 

. . „„ 1 


= b . NE u —— a — 
9 4 9 „ N 59 < 
+ — 4 , * 
* * 
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by the aſſiſtance of the logarithms. Let L denote the logarithm of the | 
quantity to which it is prefixed. Now ſince a*=6, it is evident that 

La=Lb: Se L* =xLa: therefore Lb. * 
| Js „„ 


Tun Sahib of r ee of the form a bf i of great importance 


F ; in political arithmetic. Suppoſe that a quantity at firſt m, being 1 in- 

C creaſed at the end of every equal portion of time by a quantity c, aug- 

| ments at the rate 7; and that it is found, at the end of a number x of 

N theſe portions of time, to be augmented to ; the equation Ong 

| | the 5 of theſe quantities to TON: ary is 0 + Sa =7 5 88 = 

3 By the kelp of the nin ae tay e . | 

q ferves for finding with facility in what time a ſum of money n might 
be paid off by finking ar firſt a fum n, and at the end of every ear 
= another fam c, leaving their intereſt 7 to accumulate. In what tin: e, 

4 2 for example, might che national debt of Great Britain, 270 millions of TT 
1 A pounds Sterling, be extingu ed: by ſinking one million every year and 
= allowing its intereſt, five mrs cent ber N to accumulate ? ThE cal. 
. eee. | . 

. | PD gr 4); þ cao ooo o op Fog a Log 25 40: 3980. | 1 

3 ; n= 1 oo o EO: aro ooo o Is =7- nes 

3 wy 3.900900, e. . "> 21. 1493 787. 1 
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ia Log. 21=1. 3222193 


| c - . Gs > ; ; 4 | 0 | 
— 220 oοͤꝙ - 1 3910390 = 


24.1) Loge(t8) S0. 0211893 
oF none 11401787 | 
To. 8211893 © 211893 


; 135 11401787 9. 9509729 
| 188 8 211893. 5 33 61167 9585 


kes. * 1 7399502, x=53- 9% 


IN leſs chan fifty four years, therefore, the Britiſh nation. might get 
quit of their debt, if they could raiſe annually a million Sterling, over 


and above the amount . mn intereſt of chat uren and the expence es 0 f 
COINS. 5 F u e ORE 


Tas ſame equation under the form | 


n=(m+S)x (1+1)—> ens E 


| ſerves for computing the number n of ink) of a a country which, 12 
having at firſt n inhabitants, has received every year for & years A 
number c of foreigners, and has increaſed annually at the rate 7. For 
| example; ſappole the number of the inhabitants of the United States of 15 
North America to be at preſent three millions, chat they i receive ten 
thouſand emigrants yearly, and that the population 3 in that country in- 
| 2 at the rate of one to twenty per annum; What will be the 1 num- . 


A a. ; b | 
N * on * * y 
8 " FS 2 467 TLC Bug * 
53 by 9 * 2 22 ES” 1 


8 3 Inf. Jacobi Bernoulli 
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ber of inhabitants of thoſe States a hundred years hence? The calcula- 
tion is as follows: i 


— 


m 3000 % | | m+<=3200, 000 o Log. = =6. DO f 
8 10/000, LORIE (1+1)=Log(1+)* s. —— 8 


> CLONE ! + | 5 Log (m+<) {i +1) *—=8; 6240800 


20 
"ET $25 
—= 200000 bbs =420800000 
x, 13 Ea 1 | ; Nr N e e ö 
F 3 1 ' 200000 | 
J. 1237, jou =420600000 


Hue it b appears, | that pong the lands _ the United States extenſive 


8 enou 5 8 and were the ſame circumſtances, favourable to population as 


at preſent, to continue for one hundred years, the number of their 1 in- 


habitants would amount to more than four hundred and twenty mil- 
lions, which is a good deal greater Dan, twice the number of iphabi- 
| rants » computed to No.1 in all 1 Europe. 


S 


TER tha alſo, Pun the 1 of fluxions, give riſe to 5 
ſpecies of calculus called the exponential. This calculus was invented 


by John Bernoulli and firſt publiſhed i in the year 1697 *, It is found- 
5 ed on theſe two principles: 1. The logarithm of the power of a quanti- 
1 ty is equal to the product of its exponent by the logarithm of its root, 


or LaLa“: : 2. The fluxion of the logarithm of a quantity is pro- 
portional to the quotient of the fluxion of that quantity by that quan- 


ni 
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| tity or La= = The exponential calculus is neceſſary for the inveſtiga 1 1 
tion df curves, the exponents of whoſe abſeiſſes and ordinates, or their 
functions in the equations to theſe curves, are themſelves variable quan- 
tities, u, v, 2, &c. Exponential curves, ſuch, for example, as have for 
| the value of their ordinates * x", N, &c. are ſaid to be of the firſt, 
ſecond, third, &c. order. What are the ſubtangents, curvatures, ar- 
cas, &c. of curves of chis nature? Let S MM., (Fig. XII.) be any curve, 
its abſcis CSP & and ordinate P'M'= 7 and let there be another curve 
o having the ſame abſciſs with the former, and its ordinate PM 
2 =x? for example, let f'z'v' be an ordinate infinitely near to Pe #& and 
ir perpendicular to it, and let be a tangent at the point : the | 
| fimilar triangles r Yu and pn give p: : wn: therefore the Ds 


„ e "=; but 2 ** . Lz=Lx!'=yLx therefore Lz 


\ 


=yLx that is 2 5 yLz+ 2 = I + 5La and therefore - 2 = 


. Hence it is. evident that the relation of x to 55 lie is, ON | „ 
ee er tg 8 8 _ 
the Equation to the curve SMM' ik given, the 8 of 7 may hs | | 
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value of the fluxion of Y; being ſubſtituted i in the traction a 
| Vx 1 xy Lx 


and the Burton of x REF PRI its numerator and denominator, 
there will be obtained a fin; ite expreſſion of the ſubtangent rp of the | 
curve 
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curve wm. For example, let the curve SMM be the logarithmic: we | 


have * LX 255 therefore 7 * = 2 ; therefore 7 5 EB TIO. x the 


value of the ſubtangent and. from 4 equation ih Alx to the curve opp 
a great many of its properties are eaſily deduced. The ordinate Sc at the 
ſummit of the curve is equal to the abciſs CS: for y=Lx=0 and z=x* 
s. TRE tangent at the . 9 18 wenne to the axis CSD: for Lx 


| = 
c =0 and 7 7 === 00. The ordinate e e 18 an n aſymptote to che curve 


* 


O 4 ; | x 
pom: for X=0 and L * 00 and therefore 7 . ——= The tan- 


gent paſling 8 the point meets che curve op at the extremity \ 
wy the ordinate EVE. : for = 7 = therefore Lx . . ol, 


gents to the points M and 6. where A —== a and Z= * meet in de 
ſame point 7 in the axis: F or the ſubtangent of the jogarithmic - is = 
xLx = =; : therefore 12 — and Li The curve op may 


a be called the eee eee and if the equation were (Lx)*=z 
or 1 there would be Ae a curve which mi micht be e the 
| en aa f : | | | 
k x | 
'Trr ow ſmall "verlag may ſaſfice 5 giving an VER of the ufc 
ol the exponential calculus. The reader will have obſerved that we 
have made uſe of Napier 8, or, as they have been called, the natural 
logarithms. bh would have been an eaſy affair to have made uſe of any 
. . | ; other 


2 3 
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other logarithms. It may here be obſerved that the logarithmic itſelf, 
is an exponential curve of the firſt degree or order: for the abſciſs x is 


of the form , c being a conſtant quantity e than unity and ha- 
ving 1 for its logarithm. 

Tnosz, who wiſh to enter fully into this ſubject, may conſult the 
Works of John Bernoulli, and the Analyſe des Infinimens petits of the Mar- 
quis de I'Hopital with M. Varignon's Eclairciſſements. 


ANOTHER uſe of the logarithms i is to ſolve the problems of ſailing 
- according to the true chart, independant of a table of meridional parts. 

It was firſt publiſhed, by Mr H. Bond, about the year 1645, that the 
meridian line was analogous to a ſcale of logarithmic tangents of half the com- 
plements of the longitudes *, Nicolas Mercator ſeems to have been the firſt 
to demonſtrate this property of the meridional line. But he kept his 
demonſtration ſecret. James Gregory firſt publiſhed a demonſtration 
of it in his Exercitationes Geometrice. Halley, afterwards, (about the 
year 169 5) gave a much better one in the philoſophical tranſac- 
tions. On this ſubject the reader may conſult Robertſon's Navigation, 
where he will find it treated in a plain manner and illuſtrated with ex- 
amples. 5 


TRE logarithms alſo exhibit the aſſymptotic arcas of the hyperbola Fo 


Tux are likewiſe of great ſervice for the ſummation. of infinite ſe- 
rieſes in the calculus of fluents. This is true particularly of Napier's 
| 7 | BB logie 
LM Phil. Trans. NO219. I See Set. vi. and Appendix, | 
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logarithms. The fans; for example, of about ſeven hundred Wide 


of terms of the infinite ſeries 1— 1-17, &c. 18 1 to o. 6931 = 
718, Napier's logarithm of the number 8. 1 ef iO1 0045 T6 


SECTION 


TTC VIII. 
 NAPIER'S IMPROVEMENTS, IN THE THEORY Or TRIGONOMETRY, 


Wr. a1 before that the 5 ſetting afide the chords of the 
double arcs, which rendered Trigonometry very complicated among 
the ancients, made uſe of the halves of theſe chords to which they gave 
the name of the Sinus. To that i ingenious people we owe alſo the three 

theorems which are. the foundation of our modern ſpherical trigonome- 
try. By theſe theorems all the caſes of rectangular ſpherical triangles 


and all the caſes of oblique ſpherical triangles may be reſolved, except- 
ing when the three fides, or the three angles only, are the data. It Was 


Regiomontanus who firſt invented two theorems for the ſolution of 
theſe two caſes: by Which means the theory of trigonometry was per- 


fected. One of theſe theorems which ſerves for finding an angle from 


the three ſides is, The refangle under the fines of the two ſides of any fpheri. 


cal triangle is to the ſquare of the radiu ins ; as the difference of the verſed f Ms 


. of the baſe and the difference of the tawo fra des is lo the verſed fine of the vertical 
angle. The other theorem, of itſelf, is not en for the pes of 
aa a ſide from che three e N 
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the ſupplemental triangle, ſo called bee 
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Tuls laſt caſe, however, may be reſolved into the former by means of 


vaſe its ſides are the ſupplements 
of the angles of the other. This invention is due to Bartholomus Pi- 
tiſcus *, who flouriſhed i in the beginning of the ſeventeenth century. 


* 


Tu E improvements made by Naples, on 0 ſubject are chiefly 


5 N three.” 1. The general rule for the ſolution of all the caſes of rectangu- 
| | 15 ſpherical triangles, and of all the caſes of oblique ſpherical triangles, 


excepting the two formerly mentioned. 2. A fundamental theorem by 


which the ſegments of the baſe, formed by a perpendicular drawn from 
the vertical angle, may be found, the three ſides being given. This, 
with the foregoing and the property of the ſupplemental triangle, ſerves 
for the ſolution of all the caſes of f. pherical triangles. 3. Twð ¼¼ propor- 


tions for finding by one operation both the extremes, the three middle 


of five ee Parts” of a ſpherical triangle being given. 


Tursz theorems : are announced by Napier in terms to the following 


import: q 


1 


+ of the alas. parts of s a reftangalar 6 or - quadrantal ſpherical ir tri- 


angle. The rectangle under the radius and the f ne of the middle part is equal 


to the refangle under the tangents of the adjacent parts and to the rettangle un- 
der the cofines of the oppoſite parts, The right angle or quadrant ſide. be- 


ing neglected, the two ſides and the complements 'of the other three 


natural parts are called the circular Parts ; as as they follow cach other as 
it 


* Pitiſco aliquid tribuo in werafeaw arcuum in angulos, et viciſſim. Kep, Epiſt. 295. 
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it were in a circular order. Of theſe: any one being fixed upon as the 
middle part, thoſe next to it are the _ . and thoſe fartheſt from 
| i, the n n. 


NT nibh 1 the tangents ra half the _ ot half the di 1 
| 5 the 7 gments formed at the baſe by a perpendicular drawn to it from the 


vertical angle of any ſpherical triangle, is equal to the rectangle under the tan 


gents of hal 5 the ſum and half the di een of the two ſides. 


: The ines f. bot If the fum and hat if the difference f the _ at the baſe 


of any ſpherical triangle are proportional to the tangents of the half baſe and 
half the di OW ef, the 1 des. 


4. The coſines of Fo 1 the ſum and half the difference of the angles of the 


baſe of any ſpherical triangle, are Proportional fo the ure of half the baſe 


and hal, of the hen 5 the fi. des. 


Narikx gives alſo the two following heats for finding an angle, 


| the three ſides of any Knee e 898 given. 


, 


f 


1 The gegen under the fines of ohe b ff er is to the 1 8 : 
the ines of half the ſum and hal If the difference of the baſe and the di Ference 27 


the two fi des, as the Square Y the radius i is r to the Square ef the ene off hat, 1 the 


vertical * 8 


EL The rectangle under the fines of the 1290 fades is 10 the reangle under 


| the fines of half the ſum and half difference of the ſum of the two fides and the 


| baſe, as the ſquare of the radius is to the ſquare of the ” ine of the vertical angle. 
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For the demonſtration of the various caſes of che firſt af thefe fix 
in uſe. This propoſition is not ſo ſuſceptible of eee prin 
The demonſtration perhaps the neareſt to a direct one is given in the 
+ appendix ; of which demonſtration the hint is taken from Napier. 


3g Hs demonſtration of the ſecond propoſition ts extremely elegant and 
of an uncommon caſt. The reader on theſe accounts, it is preſumed, 
will be Wy wines Ow the ſubſtance 5 it;; ene is as s follows: a 


| 1 .* TR MN . XI. 1 touch the e at Us TY | 

the extremity of its diameter PA. Upon the ſurface of the ſphere let 
there be deſcribed the triangle Ai acute in , or Ane obtuſe in 6. 
Let the fine Ax and the bafe Ay or A& be produced to the point P. 
With the pole à and diſtance xy or its equal >6 let the ſmall circle of 
the ſphere Cy interſecting W in « and XA in » be deſcribed: and 
from > let the arc > be drawn perpendicular to ACy. Ay is the ſam 
of the ſegments of the baſe and A& their difference. As is the ſum of 
the ſides and Az their difference. Let there be ſuppoſed a luminous 
point in P: The ſhadows, A, b, and c, of the points A, & and , upon 
the plane MN, are in the ſame ſtraight line, becauſe the points A, C, 
y and P are in the fame circular plane: alſo the ſhadow A, d and e, of 
A, and e, upon the plane MN, are in the ſame ſtraight line, becauſe 
A, 2, £ and P are in the ſame circular plane. Since PA is perpendicular 
to the plane MN, the plane triangles PAc, PAb, PAe and PAd are rect- 
angular in A: therefore, to che radius PA, the ſtraight lines Ac, Ab, 
Ae and Ad, are the tangents of the angles APc or AP, APb or APe, 

„ Vͤͤ;hF)ů ; | V Abe 
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Abe or Aps and APd or AP» Need ey But theſe angles, bi at the 


circumference of the ſphere, have for their meaſures the halves of the 


arcs intercepted by their ſides: therefore Ac, Ab, Ae and Ad are the tan- 
gents of the halves of Ay, AE, As and As reſpectively. Now (by optics) 
the ſhadow of any circle, deſcribed on the furface of the ſphere, pro- 
duced by rays from a luminous point ſituated in any point of that ſur- 
face excepting the circumference of the circle, forms a-circle on the 
plane perpendicular to the diameter at whoſe extremity the luminous 
point is placed: therefore the points c, b, e and d are in the eircumfe- 
rence of a circle: therefore Ac X Ab=Ae X Ad. QE D. 


TE. third and fourth ie are frm demonſtrated by Napier. 


He probably deduced them from the ſecond in a manner fimilar to 
that in the appendix ; where the reader will find all of theſe and ſome 
other theorems: of the ſame kind, demonſtrated. Napier had left the 


third propoſition under a clumſy form. It was put into the form above | 
given by Briggs in his Lucubrationes annexed to the Canonis Mirifici Con- 


Atruckio. This circumſtance is not the ſole mark of this work veg a 
rae publication. | 1 | : 5 


Tur fifth propoſition i is deduced | by Napier from the theorem of Re- 
E giomontanus, and it is likely he derived the fixth from the ſame ſource. 
To theſe two theorems the logarithms are much more applicable e 
10 that of Regiomontanus. 

81 8 Napier's time Ns | chief improvement made in the theory of 
trigonometry is the application 0 of the calculus of riene to it; for 
which we are indebted to Cotes. 
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M. PINGRE, 1 in the Memoires 4 mathematique et de phyſique for the year 
1756, reduces the ſolution of all the caſes of ſpherical triangles to four 
analogies. Theſe four analogies are in fact, under another form, Napi- | 
er's Rule of the circular parts and his ſecond or fundamental theorem, 
with its application to the ſupplemental triangle. Although it would 
be no difficult matter to get by heart the four analogies of M. Pingre, 
yet there are few bleſſed with a memory capable of retaining them for 
any conſiderable time. For this reaſon, the rule for the circular parts, 
ought to be kept under its preſent form. If the reader attends to the 
circumſtance of the ſecond letters of the words tangents and co/ines being | 
the ſame with the firſt of the words adjacent and oppoſite, he will find 
it almoſt impoſlible to forget the rule. And the rule for the ſolution 
of the two caſes of ſpherical triangles, for which the former of itſelf is 
inſufficient, may be thus expreſſed: Of the circular parts of an oblique 1 
ſpherical triangle, the refangle under the tangents of hal, If the ſum and half the 
difference of the ſegments at_ the middle part (formed by a perpendi- 
cular drawn from an angle to the oppoſite ſide), is equal to the refangle 
under the tangents of half the fam and half the di ference of the oppoſite parts. 
By the circular parts of an oblique ſpherical triangle are meant its three 
ſides and the ſupplements of its three angles. Any of theſe fix being aſ- 
ſiutted as a middle part, the oppoſite parts are thoſe two of the ſame 
1 denomination with it, that is, if the middle part is one of the ſides, the : 
- oppoſite parts are the other two, and, if the middle part is the ſupplement . 
of one of the angles, the oppoſite parts are the ſupplement of the other 
two. Since every plane triangle may be conſidered as deſeribed on the 
ſurface of a ſphere of an infinite radius, theſe two rules may be applied 
to plane triangles, provided the middle part be reſtricted to a s. 
Tavs 


— 
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Tuv 8 it appears that two Simple rules ſuffice. for the ſolution of all 


the poſlible caſes of plane and ſpherical triangles. Theſe rules, from | 


their neatneſs and the manner in which they are expreſſed, cannot fail 
of engraving themſelves deeply on che memory of every one who is a 
little verſed in trigonometry. It is a circumſtance worthy of notice 


that a perſon of a very weak memory my carry the whole art of tri- 
banane in be en VV | 


Dd : * APPENDIX. 


_ 
— 
— 
— 8 
8 mo 
- 
-. 
8 
— 
= S 
* 
97 


4 
— —f—— 2 


—— — — — 


2 - 
* 1 F $ . a3 2 
. © 
7 
Y . 
Ao SA + + 22 5 " 
q 0 — 
8 a 2 — 
* WC, SRI — 
- £5 — - — * 2. 
— * 


5 


rr —— — 
— > 
©** © 
ry 


N ** © 
7 * 1 3 8 — 
. 3 F466 ' $* 4 \ „ 4 f 5 . 25 1 4 
| | ; A 4 ? 1 5 
14 ov ” 4 - 8 — 0 + $ 1% IE 43 * * N — 
3 / Y : - t 0 bee ö . . : 2 
# 1 4 $ : ' » . 4198 1 aL 4 « : 3 . = 
. g 1 : . * - - ; 8 
FR L * 
. . — p . | , 8 WY 4 * 1 
7 7 o s _ 0 * 7 «a > l ; Xs Z 
* LAY = 1 N — 3 ** 4 * O "3 or - 5 — 9 + = : Fl #5 * Rai : 
P —ü—ũ6—ä—ę́—: ä —— a 5 * B * "I TIS WET RPE 9 vt 1 2 4 » fa —— 1 5 * — WEL . 4 * ns ot ae 6 5 * , . ” 9 . wt x} "7% FS 2 
— - : ——— — — 4 > — — — — w — 2 — * - — — * — A * 1 8 * * - 7. 8 — A \ 5 - 
1 ws — — — — — — — — 2 — — — = — — — Pee a 2 FT 5 = m0 « — wx «4 — — — 
9 — 8 gre: — — —— , — 2 — —— T— — — — — — <o-- —— — — — — - DI . 
/ ae r ee 3D vo n —— 7 E . . - b 
A, CIs 30 2 ; p _ 
ks - — 2 37 — « 19S _ — nr 
— 2 — 7 5 A 


— 


L 8 852 i 


* 4 ” = +4 


ANALYTICAL THEORY'OF THE LOGARITHMS. 


TOP, 


be Let hs conſeentive terms 1 an infinite pevincrricat progreſſion 


differ infinitely little one from another; it Is evident that; any deter- 
mined quantity e greater than unity being the baſis of the progreilign, 


| There will be ſome term c*=m any given quantity. 


2. Tus exponents of the t. terms of that progreſſion : are ſaid to be the 


85 logarithms of thoſe terms: Thus the ſymbol L denoting the logarithm 


of the quantity to which it is prefixed, I Lr. Hence if cn; 


chen Lm=x and L Ian. 


THEOREM 1 


3. . logarithm of a Product i is equal to the fun m the 1 if its 
| factors. For ſince Lc*= x and Lc=s (2), it follows that Le Le =x 
+2;, but x+pa=Lo# (2) Le xc: therefore Le Ne Le 415 i 


nice if cn and 6 003 then Lmn=Lm +Ln and Lz —Lm—Ln, 


THEOREM. 
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THEOREM 1I. 3 125 


1 The 8 of a power 15 e to the frodutt. of its exponent by 
the bogarithm of its root. For, ſince Lex, it follows that nLo*= nx; but 
. Le (2), therefore Ito: Hence if Ow, FE Lr un. 


' PROBLEM 


5. To exbibit the l of a given number... Since fy, If d i is an 
ans ſmall quantity and any finite quantity, it is evident that 
ig Now L= (2), therefore d=L{1+:), therefore id=iL(1 * 
9 10 +1) (4).- Let (x +=)=1+a; we have id —ip(1+a)+ in: 
Wereſore, ee the ſurd e (x +; We! Jen o. and re- 


n e „%ö;ĩ;ĩ—. XX“ | | 15 ee e e, 
Tet Tee eee 

Hence, if 4 is negative, : e LES fad | . 
Li- la +2 2 Ie EP 5 1 . 


Hence, by fubrraQting XY. from 55 5 15 „ | 


g > 


2 


6. The ove 8 are of no uſe for the ROWS etna of t] the loga- 


rithms if @ is ſuppoſed an integer. Let cherefore m and a be "ay: 
Poſitive numbers, m being greater than ; and 


Imo. Let 25 then 1 Feb, 1 and - ee, and | 
the formulæ X, V, and Z become, by ſubſtitution, A, B, and 16 
LL eee e A. 2 . . 


_ 


a 


XZ 


Ar r E N D I X. 1% 
| 1 . 109 — r h bi BO 
L -T eee 
ad. Let ag; then -b gg, and the formula Y becomes DB 
Lit) =Lm—L(m+n)=- , + ante +86) D 


— 3fio, 1 Let ES ahi 1 e and the formula Y becomes R 5 i, i 
b Links ieee. ah + ih e Ce) -E . = 
| | 5 Let a= ; then ih ==, and the formula Z becomes F. | | 7 
1 TTC La adler Nek; nen dc) 1 1 
N 5. L Let — then i =—=, and the formula Z. becomes 6 „ Tre | j | 5 YZ 
j oF Lit) =Lm—L (m—a)=2p(g2 + matt autre) ” HET” | ; | . 
© Let ar =; then 232 =" and the formula Z becomes H 1 a Bs 2H 1 
LLL (EG +2) +=)" TSC) W | 
e Bes rr be ſubſtituted for = in the formula B: let this new 1 . | "=D 
"I be. divided by c; and Let L(m*— — Jo or LTT and 5 A; 
Lee e 7: chen a „ 1 5 : 


Lee onde Ia, i. 323 
ths 1 2 e . —— „ 
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= or Ft quantities 4 m 1 m en in 5 e e 
the logarithm of the ſecond, being given the logarithms of the other „ 
two may be found by one operation, if the odd and even n JFͤöͥ ↄ 4 5 
Ein che ſerieſes A and B are calculated __ „ 175 <a „ 
E e . NJ 
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8 APPENDI SZ 
8. — 1 is ſuppoſed aqual to unity, and if (the modulus of the 
ſyſtem of logarithms to be afterwards / determined), conſiſts of a great 
number of figures, it will be much more convenient, in calculating by 
the ſerieſes A, B, C, D, F, and G, to conſider w as the e of each 


term than as the 8 orns of the ſum of the terms. 


— 2 — 


BY vt 


9. Taz firſt ſtep a= af; the. ſeries F will give the logarithms of all 


dne greater than 20000 true to fifteen places, if thoſe of all num- 
bers leſs than 20000 are 1 and 1 2 does not exceed a few units. 


10. Tux firſt ap 8 247 2 of the 4 1 vin give the logarithms of 


all numbers greater than 10000 true to nineteen places, if thoſe of all 
numbers leſs than 10000 are given, and if does not exceed a few units, 
Tux reader will eafily ſee that the logarithm of all numbers below 7 
m being known, that of =: and We e that of . 27 there 
fore c as well as will be known. | | | 


11. F . be ria a compute with (eaſe the lo- 
_ garithms of the lower prime numbers. The logarithms, for example, 
of about two thirds of the primes under 100 may be obtained with lit- 
te. trouble from a table of the continual halfs of the modulus, n —_ 


1. The inſpection of the e table will make — evident. 
er 
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4 ſought | * e 
| > the lager of: ] | | . Þ. | 
1 t 1 1B 3 : 
3 a/ 12 1 
. 233 
253 and 3 % 17.27 | 17... $NC4 © -4 
' mts Fir} © + Nm Ta | 
Bo „ 31|B tF 
| 2,3,5 and 7 13 252 | 5X13 3*Xx7|C 
2 and 3 43 27 r 1 
4 — — pins re 
5 | 2,3,5 and 7 | 19 | 2 X10 3x7]. 19| C 
| 2-4-5 aud 13. „ „ No 48 XI EC: 
9 2,3 and | 79 ee e LO IM PT 
| | 2, 5 and | 23 | 2*Xio | 7X23 | „ 
2,3 and 5 | 53 | 2*X10| 3X53 |B 
: 2,5 and 11 , 20 j 2* X10 S 1 11X29| B 
2,3zandgs | 71 26 K 10 | 3*x71|B | 
2, 3,5 and 7 6x | 2? X 10 | 3X7X61 15 A 1 


Tur value of L(I + 2) was firſt given by Nicolas Mercator, whe. 
deduced: it from a property of the equilateral hyperbola*. The ſeries - 
c was firſt demonſtrated by James Gregory f. A ſeries ſome what leſs _ 
| general than i was produced by John Keill i in his treatiſe de Natura and 


arithmetica logarithmorum : but I think I have ſome, where ſeen i it attri- 
buted to Newton. Some of the other nee I believe are new. 


| PROBLEM TR + a a 


wo — — 


13. 2 i the modulus of a ſyſtem of 3 This is effected by | 


| | fabſtiruting c for m, ans. I UI 1, in 25 CR ar H. oy value 1 is. as 


follows: 147 | 
15 


175 e He 7 


pi „ Logarithmotechnia. + Exer. Geom. 


* ; 
” | £ i 5 * 
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AEMARkSsS . ee 
OY ; TY 72 5 g i 
7 14. In our common a hem of logarithms, c is equal t to 10; Which gives 
the following values of w and i its reciprocal to'thirty decimal places. 
5 489 44819 03251 82765 11289 roT7 © 


875 50929 94045 Saane 71 $4684. 


15. Tur oda of Napier 8 Stem 3 18 unity "har he fippoled the 
| logarithm of a number differing from unity by a very ſmall quantity 4 
to be equal to the ſum or difference of 1 and 4 Hence if L denote the 
common, or Brigg 8, logarithm, and 'L, 5 og 8 . of the ſame 
number; 5 then 4 

Weben Se) L; and 4= = 305 58 &) 1. 


PROBLEM. 1. 


1 15 75 0 cxbibir the 63.5708 1 a given Iigarithm. We have . 125 d be- 
ing = — 85 5 and nd a finite 5 925 7 — 1 Nat” = )* we e have Fl FE 


* 


- therefore = vr + , and conſequently | 

=1 +2 ate tg + Ke — 1 1 u 4 + 1 5 - 0 
and if x 3 is negative, VF e 
+Ke 5 U— — = 1 
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— — 42 
f. 1 2 — + Tha 


Hence by dividing Þ th Fs EE 


* * 1 [RY F 2 
; 1+ 1 1 a 
FE: e —. vx. a, * 1.2 2 X Se 9 | Wa: 


© 3, | . e 


17. Ir x is greater than the above feriaſes converge 10 ſlowly that 


bon es þ are {of no uſe for e the number correſporiding to a gi- 
ven 
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og pp EEniNnNW 1 X. e 111 


given © Dae" Let tiere de mM and 1 be two numbers differing little 
from each other, m being greater than n, and 


. 


XY mo, Let x=L(z)=Lm—Ln= 7. Then c and e — 84 and the | 


equations Þ and Y give 


m=n(1+2Þ% 72 keks Sc) LY 1 92 M 
— 8 &c) 7 2 E 5 N 1 


| | n m G- El 


747 


200. Let x=L 1585 leer 1 "=> and the e- 


quation 2 abs = . . 
| (== DEI . | E 
: 1 Ta 7.2.3. 2 SC | 8 


18. More generally, let there be any number u of numbers m . 
Im Imi, C. . m which, taken conſecutively, differ little from each | 


other: and let LI —Lm\- => and 2 (n—2); 2p (2, " hi 2 55 


I—11 
i A {the quantities 2 i, ll, 1—1 Re. incloſed ! in * ex· 


preſſing ſimply ſome terms of the ſeries 1, 8 374. 4, 5 wo we have 


me will | (nn) (gel || _ _ = 
(112) Hr + Ws 7. EN 2 5 +a Tat 55 K Ks 5 2 | 
4 . ee . 


7 1 


19. Tf the logarithms 0 the firſt 20000 natural numbers are 1 


| 15 the two firſt ſteps of the ſeries * x5 _ — of che ſeries M, or 10 — 


— +—=) of the ſeries N, or the firſt ſtep u == of the ſcries P, will give * 


the number m or n true to about the fourteenth decimal place. 5 
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APPEND I X. 0 


o. The ſcrieſes M and N were firſt given by Halley, in the Philoſo- 
Wa tranſactions for the year 1695. He exhibited alſo a ſeries the 
ſame with P, but under an inelegant form; probably owing to * hav- 

ing deduced i it from che actual divifion of M by N. 


PROBLEM 1V. 


a}. 7. o exhibit the number whoſe logarithm is PIs to the modulus This 
is effected by the ſubſtitution of 6 for x in the forma. . Its value | 
is as follows | „ 
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A TABLE or NAPIER's LOGARITHMS, | 


or ALL THE NATURAL 1 


e SEVEN 


NUMBERS. FROM t to 101 to TWENTY 5 


PLACES. 5 


| 


LocazrTuns. 73 


. Num. | | 5 : LogaziTis. 


| 


1.38529.4361 1. 19890. 61883.44642.4 
60943. 79124. 34100. 37460. 07595. 3 


o. 00000. 00000. 06000; 00000.00000.0 E 


9.69314. 71805. 59945. 3094172321. 
1,09861,22886, 68 109.69 139.52452.4 


1.79175-94692. 2805500081. 247736 
I.9459 1.01490. 55313+30510-53527-4 


2.07944. 154 6. 79835.92825.16963.6 
2.19722. 45773. 36219. 38279. go. 8 
2.30258.50929-94045-68401.79914-6 


23 | 3-13549-42159. 29149. 69080. 67528. 3 


243.1778056. 38303. 47945. 61964. 69416. 


| 25 | 3+ 21887. $$24F,03200% 14940, 53VEG-T 


26] 3. 25809.6;380. 21482.04547.01795. 6 
273. 29583. 68660. 04329. 07418. 57357. 


6] 28 3.33220. 45 101. 75203. e Er 


29 3.36729. 58299. 86474. 02718. 32720. 3 
| 30} 3-497 19+ 73810: C2155 37 543323000 9. 
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2. 48490. 66497. 88000. 31022. 97094. 


2.56494. 93574. 61536.73605. 4874.4 
2.64905. 73296. 5258.661452. 25848. 6 
| 2-70805.02011, O22 10. 05599 · «60045. T1 


2.39789.52727.98370.54406.19435.8 | 


32 | 3-45573-59027.99726.54708.61606.1 
„ 3.49650. 75614. 66480. 23545. 71888. 2 
34 


35 | 3» 55534. 80614. 89413. 67970. AGF" 


— — — 


162 77258.87222. 39781. 23766. 8984.9] 36 | 3.58351. 89384. 561 10. e 
17 2.83321. 33440. 562 16. 08024. 95346. 2 37 | 3.61091, 79126. 44224. 44436. 80956. 7 
18 3 2.89037. 17578. 96164. 69220. 77226. 38 | 3.63758.61597. 26385. 76942. 62595. 5 
" 2.94443+89791 . 66440. 46000. 992743 39 | 3-66356.16461. 29646.42744-87326.8- © 
20 | 2.99573» 32735+ 53999-99343: $2235 +8 | 0 3.68887. 94541. 13936. 30285. 24557. 0 
48: 


21 | $-04452-24377- 23422-99650,05979.8 
22 3.09104.24533. 58315.85347-91757.0 


31 | 3-43398. 72044. 85146..24592.91643.3 . 


3.52636.05246, 1616r, 38966,67667, 4 
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3.76120,01156;93562.42347.28425.2-+ 


45 | 3.80666. 24897.70319.75739-12498.1 


11 


46 | 3.82864. 13964. 89095. 0022. 39849. 5 
47 3.85014. 76017. 10058. 58682.09506.7 


5 
82 


3 
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3 
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3.89182.,02981. r0626,61021; 07054. 8 
3.91202. 30054. 28146. 05861. 87507 9 


3.93182.56327. 24325. 77164.47798.6 
3.970290,419135, 52121. 
4.09733. 18 170. 91866. e 1 


4.02535. 16907. 35149. 23335704911 


4.06044. 30105. 46419. 33660. 05041. 6 


4.07753.74439. 05719. 45061. G05 0g. 8 
„ 22 100. 68483. 04688. 1 


4.11087. 38641. 73311. 248-5.13891.1 
4-12713.43850.45091.55534+03964.5 
4-14313.47263.91$32.68789.58432.2 
4.15888. 30833. 5$9671.85650. 33927. 3 
4417439 «78098 95937511065 4457.8 


4.23410. 65045. 97259. 38220. 19980. 
4.24849.52420. 4935 8.98912. 33442. 
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3. 71357. 6 #78; 04307. $0386. ef . 3 
'3.73766.96182. $3358.30591.78301.0 | 


3-78418.96339.18261.16289.64078.2 |. . 
3,87120.10109, 07890. 92906. 41737. 2 i 


3.95124.37185. 81427. $545 «79516.9 | 
3414-44091.4 | 
3-98898.40465. 642 74. 38360. 29578. 1 


4.04305. 12678. 34550. 15140. 42726.7 


4.18965. 47420. 26425. 54487. 44209.4 | 
4. 20469. 26193. 90966. 05967. 00720.0 
4.21950. 7705 1. 76106.69908. 39988.6 | 


1 1426267. 98770. 41315. 42132. 94545 · 3 


I Num. | ES LOGARITHMS. + 
1 6 3 3 
. 27666, as, 31104. 27760 


4. 29045. 94411. 48391. 12909. 21088. 6 
4.30406. 50932. 4169. 75378. 53278. 
4+31748.81135. 36310. 44059. 67639-1 


4.33073. 33402. 86331.07884.34916,8 
4.34380. 542 18. 53683. 84916. 72963. 2 
4.35670. 88266. 89591. 73686. 59648. o 
4.35944. 78524. 6702 1. 49417. 29455. 4 
4.38202. 663485 73897, 61226.96878. be 


4-39444-91546. 72438.76558.09809.5 
4.40671.92472.64253.11328.39955.0 
4-41884.00077. 96597. 92347. 54722. 3 
7! 4308 1.67988. 43313.61543.50622.2 
4.44265. 12564. 903 16. 45485. o2939. 4 
86 4.45434. 72962. 53507. 73289. 046. 4 
87 4.46590. 81186. 54583.71857.85172.7 
88 4.47733. 08144. 78206. 4723 1.36399. 4 
89 4.48863. 63697. 32139.83831.78158˙⁴4. 
90 | 4.49980. 96703. 30265. 06680. 543 e 
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4.31085. 95065. 168 50. 04115. 88401. 9 9 
4.52178. 85770. 49040. 30964. 12170. 
45325994931. 53255. 93732. 44095. 6 
4.54329. 47822. 70003. 89623. 81827. 9 
4.55387.68916. 90549-53450, 97867. 7 


4.56434. 81914. 6783623848. r 
4.57471. 09785. 03382. 82211.67216.2 
4.58496. 74786. 7051. 91962. 79376. 1 
4.59511. 98501. 34589. 92685. 24340. 5 
4. ese ng 36803. 598794 


101 Tee eee, 7 


TRIGONOMETRICAL THEOREMS. _ | 
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, Tail 1. The : of the radliks wp the Geer of the = 
| verſed fines of two arcs is equal to twice the product of the fines of | 1 7 5 4 fl 
half the ſam and half the difference of thoſe arcs. i ION xo on Oo 1 1 

R t fin V, a—fin V, iE 0 55; eos, _ I 

( Corollary. The product of the radius by the verſed fine of an - - a | 


arc is equal to twice the ſquare of the fine of half that Arc. TE 
R fin V, 42 2 ſin VVV e 4 
1 3 Lem. 2. The ſum of the coſines of two arcs is to their Gilikrence 14 7 
as the cotangent of half the fum of thoſe ares is to the e of half 5 
their difference. | | 
Coſ a-+cofb: coſ 85 b: : cor: ; rang =. 


61 Lem. 3. The ſum of the ſines of two arcs is to their difference as E 
the tangent of half the ſam of thoſe a arcs 1s to 275 tangent of half their ; 
| their difference | e | 
Sin a + ſin h FR oh ; tang =P: rang . ES | | 
| 8 11 594 Lem. 4. The ſum of the cotangents of two arcs is s to their diffe- . 5 
85 if rence as the {ine of the ſum of thoſe arcs is to the ſine of their difference „ 
F + cot b: cot cot h: a fin Gy : 
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A's Tis: 11 The product of the fine of the ſam of two arcs and the 15 
taggent of half that ſum, i is to the product of the ſine of their difference 


| and the- tangent of half that. difference, as the ſquare of the fine of half 
their ſum is to the ſquare of the fine of half their difference. . 


Sin (a+8) X tang err: fin (a—) x tang : 72 fin* : an 2 22 
WO! Lem. 6. The product of the ſine of the ſum of two arcs and the | 


> tangent of half their difference, i is to the product of the fine of their dif- 


0 | 


| ference and the tangent of half their ſum, as the ſquare of the coſine of 


half their ſum i is to the e of the coſine of half their difference. 
Sin (a+) x ny. ſin (a—)X. tang 2 coſ? +2; : co” © erl. 
(8) Lem. 7. In right angled ſpherical triangles the coſine of the * 
pothenuſe 3 is to the cotangent of one of the oblique Wales, as che cotan- 


gent of the other i is to the radius. 85 


(9) Lem. 8. In right angled ſpherical 1 the abu of hs 17. 
pothenuſe i is to the coſine of one of the ſides x as the. cofine of the other 15 


: is to the radius. ; 


(40) Lem. 9. In : any phetical 3 the Cock. af” the fines of 


| the two fides is to the ſquare of the radius as the difference of the ver- 


ſed ſines of the baſe and the difference of the two fides 3 is to the verſed 


ſine of the vertical angle, Fig. XIV. 


Sin AB xc fin BC: R*:: fin V, "AC fin V, (AB—B0); fin V, B *. 
(11) Lem. 10. In any ſpherical triangle che product of the ſines of 
Git two ſides is to the ſquare of the radius, as the difference of the ver- 
ſed ſines of the ſum of the two fides and the baſe is to the verſed une" | 
of the ſapplement of the vertical angle, HEE: 
5 fin BC: R*: _, et xr plea. AC: n V, fup. B. 
0 2) 
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kt 45 The natural] parts f a ne are its s three gs, and, its es 
. | 7 

(1 3) The circular parts of a bing 155 8 ſpbericateri- | 
| es are the two natural parts adjoining to the gray angle. 6. qua- 


drant fide) and the complements of the other three. r 
(14) Any one of theſe five being conſidered. as a a eB; hs 


'& 


two next to it are called the adjacent parts, and the other two the op- 


poſite parts: Thus, in the triangle AAB (Fig. XV.) rectangular in A, 
if che complement of the angle d is taken as a middle part, the adjacent 
parts are the fide 4 A and the complement of the hypothenuſe 46; and 


5 the oppoſite parts the ſide 6 A and the complement of the angle "ORE Ik” 


(15) Of five great circles of the ſphere AB, BC, CD, DE, and EA 
(Fig. XV.) let the firſt interſe& the ſecond ; the ſecond, the third; the 
third, the fourth; the fourth, the fifth; and the fifth, the firſt; at right 
5 angles in the points B. G, D, E and A: there are formed, by the inter- | 
ſections mentioned and by thoſe at the reſpective poles. a, Dy fs d and E 
of theſe great circles, five rectangular triangles Ab, bDe, Be, E and 
Cd: and, if theſe poles are joined by the quadrantal arcs ab, be, ad, de 
and ca, there are formed five quadrantal triangles adb, abe, bec, eca, and 
cad. The circular parts in all theſe triangles are the ſame: the poſition 0 
of cheſe equal circular parts with rape to one another i in each of theſe 
triangles i 18 different: thereſore e . 
(16) What is true of the circular parts fs a PIP vl 3 is Ny 
true of thoſe of a quadrantal; and what is true of one middle part and 6 
its adjacent and oppoſite parts is true of the other four middle 128 and 
eee ee e mn | 
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17 The circular parts ofian FTE ſpherical trie 
fides and the ſupplements of its three angles. | . 
(8) Any one of theſe fix being confidered as a middle part, the two | 
next 49 it may be called the adjacent parts; the one facing it, the re- 
man; and the other two, the oppoſite parts : Thus, in the triangle 

ABC (Fig. XIV.), if the fide AC is taken as a middle part, the adjacent 
| Parts are the fupplements of the angles A and C; the oppoſite parts, 
0 dhe fides A and BC, and the remote part, the ſupplement of the angle B. 

(49) Of ſix great circles of the ſphere let the firſt three, AB, BC, and 

Cn, interſect each other at the Poles, B, C and A, of the ſecond three, 
ea, ab and bc: che igrerſetions, e, a and 6, of the latter are the poles of ' 
8 the former: there are formed two triangles ABC and abe in which the 

| circular parts are the ſame; the n of theſe 1 0 circular your: is ; 
> different in both: therefore 5 Top 

(20) What! is true of one- middle part and 3 its 1 3 
remote parts, is true of nu other middle re and 1 its ber oppoſite, | 


1 9 


gle are its three 


remote parts. * | 
27 ” G2 1) If an arc BD 1 5 ed hte vertices oof ak wor ibis, 5 
. ir will be perpendicular to their baſes CDA and cala, and the ſegments 
1 at the baſe of the one triangle will be the complements of the ſegments | 
ar the vertical angle of the other: that is, Son: ON ans „ 
abe, cd=90®%—ABD, ad - DBC. 3 fo: 
(22) If the radius of the ſphere is ſuppoſed. DE the 1 indy tan- | 
gents of the fides of a triangle deſcribed on its ſurface, become the ſides 
chemſelyes of u plane triangle. atly all the formula of ſpheri- 


cal trigonometry, where the fines and tangents only of the ſides enter, 


3; are e to plane wigonometry. e however, in nien mw 


many OT Td 


endless of all the three angles and aul one ſine or eee one 


; To enter, mult be excepted. 
- (23) Of the cireular parts we ſhall Save the Sade one by M, roy 


adjacent ones by A and a, and the oppoſite ones by O and o. If the tri- 
angle is oblique, the remote mou we ſhall cal ny and the rap at 


a fide or angle 21) 8 and 7. 
(24) Theorem 1. Of che circular e 6: . yet . 
rantal) ſpherical triangle, the product of the radius and the fine of the 


middle part, the product of the tangents of ee e | 


product of the cofines of the oppoſite parts, are equal. 
Demonſtration. In the right angled ſpherical triangle 4⁴³ (Fig: XV. * 

we have coſ id: cot. Abd :: cot Aub: R (8), and coſ bd : cof Ab :: : cof Ad: 

R (9) ; therefore R * coſ bd=cot e cot A5 cor FO coſ Ad; there- 

fore (1 8 1 9h. 

'R x fin M=tang Ax tang a=cof Ox cer. | 

(25) Corbllary 1. In any ſpherical triangle, the fines of che des are 


proportional to the ſines of the oppoſite angles. For, in the right angled 


_ _ triangles ADB and CDB (Fig. XIII.), Rxfin BD=fin ABx fin A, and 
RN ſin BD=fin BCx fin C; therefore fin AB: fin BC :: ſin C: ſin A 
2 (226) Cor. 2. In any ſpherical triangle, che ſines of the ſegments of 


one of its ſides produced if neceſſary) are proportional to the cotangents 


of the angles at the extremities of that ſide. For, in the right angled 
triangles ADB and CDB, Rx fin AD r cot Axe tang R and Rc fin D 
S cot Cx tang BD; therefore ſin AD: fin DO:: cot A cot ͥ e 
(27) Cor. 3. In any ſpherical triangle, the coſines of any two Lids 
are proportional to the colines of the ſegments of the third fide. ' For, 
in the 18 angled triangles ADB and: CDB, Rx coſ * cof ADx coſ 
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Are EN D 1 ua 
| DB, and Rx coſ BC=co CD * cos DB; | therefore coc AB: coſ BC :: 
coſ AD: coſ DO 

(28) Remark 1. This theorem ſerves for ai ſolition e P? all poſſible 
caſes of rectanglar or quadrantal ſpherical triangles, and for the ſolution 
8 of all poſlible cafes of oblique ſpherical triangles (by means of the are 
1 drawn from one of its angles. perpendicular on the oppoſite fide); ex- 
cepting when the three angles, or the three ſides only, are the data. 


(29) Rem. 2. This theorem, by confining the middle part to the two 
Aides, (22) ſerves alſo for the ſolution of all poſlible caſes of rectangular 


et plane triangles (by means of the perpendicular drawn from an angle to 
do the oppoſite ſide); excepting when the three ſides only are the data. 
(30) Rem. 3. Were the complements of the two parts adjoining to 

= | the right angle or quadrant ſide and the other three natural Ie taken 
= EE. a8 che circular parts, the theorem would be, | Es 
1 | Rx coſ M= cot Ax cot a=ſin O xc ſin o. 1 „„ 
C But the other is preferable, becauſe 1 it is more eaſily . The 
| 5 5 | ſecond letter of the word tangent. is the ſame with the firſt of adjacent. 
5 4 =» : Tt is the fame of the words coſine and oppoſite. If* this is attended to, 5 
EDS: it ĩs hardly poſlible to forget the enunciation of the theorem. © 
(31) Theorem 2. Of the circular parts (27) of an oblique ſpherical 
triangle, the {quare of the ſine of half the middle part, is to the ſquare 


difference of the ſam of the adjacent parts and the remote . is to the | 
product of the ſines of the adjacent parts. : x 

Dem. For ſince (Fig. XIV.) fin V. ſupp. B: CIP an V, (AB+BC)—ſin 
*. AQ: * ARRI BC (1 1 it fen chat fin's ſupp. B: R.: fin 
. . : | e (ZEF+42) . 


plane triangles, and for the ſolution of all poſſible caſes of oblique angled 15 


of the radius; as the product of the ſines of half the ſum and half the 


; (nz Xſin Nee an AB fin BG. 6 and i); therefore (as). 


angle, The ſquare of the coſine of half the middle part is to the ſquare 


difference of the remote part and the difference vl the adjac acent ne pars, I 18 7748 
WS g | - "LO 

to the product of the fines of the adjacent pare.” ef 2 r 
Dem. For ſince fin VB: R*:: fin V, AC—ſin V. 6 09. ; ſin AB | 3 I 
+ſfin BC (10), it follows that coſ*; r ſupp. B: R*: i in e dn g 6 1 
EE AB Nn BC (a) and (1 ); therefore (e. 3 | ih bs 5 e Z 2 
Col. M: R*: net ) x ü (>=) : fin ee TA i 5 J 


angle, The fquare of the tangent of half the middle part is to. e OY 
| ſquare of the radius; as the product of the ſines of half the ſum and 8 EE 


pare and the difference of the adjacent parts. hos V 3 


nan, The product of the tangents of half the ſum and half the diffe- e . = 


4 ren K 5 r 
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Sin: M: R': : fin (Tt) x fin (Kg); fin. Au nne. 5 ; 
(32) Theorem 3. Of che circular parts of an oblique ſpherical on | 


of the radius; as the produ of the fines of half the ſum and half the 
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(33) Theorem 4. Of the circular parts of an oblique ſpherical tri- 


half the difference of the ſum of the adjacent parts and the remote part, V 5 
is to the product of half the ſum and half che difference of the rextiote . 1 


That is (by comparing the two preceding theorems) ); gu” 2 : 
Tang M: Rf: in (te) x fine) ander ye 61820 


( 34 Theorem 5. Of the circular parts of an oblique ſpherical tri- 


rence of the ſegments of the middle part is equal to the product of che 91 2 
tangents of half the ſum and half the difference of the oppoſite parts. : 3 2 1 

Dem. For ſince coſ BA: coſ BC :: coſ DA: coſ DC (27) it follows 9 „ q 
that coſ BA+ oo} BC: coſ BA—coſ BC:: ; cof DAT! DC: col DA— 1 1 


. r * * 1 K 
coſ DG; ; therefore (3) cot (2429) :tapg (229) 1 cot (26422), tang — Ty 
therefore tang, Dc FL (== _ f 8 re 1 29: j | 


"5" I% 2&4 A li 
| therefore (20 and 21), 


11010 | $0 * 1 £80 ve kk N 1 ö 
| Tang Tln (4; 2 SLES (5% 508 75 1 
634 242 SF 4. 2; 4$1+ 


29 5 255 e afon 
I 35) Rem. 4. By any of. che theorems wa 35 or 4. — given the 
three ſides or three angles of 3 ſpherical triangle, may be found any of 
its vage or ſides; 5 and, confining. the middle part to che ſupplement ; 
of an angle, being given, the [three Hideg of a plane triangle, may be 
ad (22) Mi ee e heh! 
(36) Rem. 5. By theorem 5. being given the three fodes or hen 1 
of a ſpherical triangle, th the ſegment of any of i its ſides or angles may be j 
found; and confining | he middle part to a ſide, being given the three 
ſides of a plane triangle, the ſegments of any of its ſides may be found. 
(3% Rem. 6. By the firſt theorem, and any one of the other four, 
may be ſolved all the poſlible cafes, of ſpherical and plane triangles. 
Of theſe four,, Bs. laſt i is the moſt al 1385 118 5 moſt e re- 0 
| membered. , | 
(38) Theorem. 6. of Pas 8 parts of 2 an. nj II berical tri- 
angle the tangents of half the ſum and half the difference of che ſeg- 
e the middle part are proportional ro the fanes of the ſum and 
che difference of the adjacent parts. 145 1 
Dem. For Gnee fin CD: fn DA : : cot c: cot tA (26), i 6 follows i 
fi Din DA: fin CD—ſfin DA: : cot OA cot A: : cot cot Az ; there- 
jo ee 0. [ng (22) i ; fin We fin nfl therefore ; 
en 5 . = ol 
Tan 650 tang 6 Ch.. ; fin 00 an u 7 


* * 5 * bo 
I 1 7 
* 1 4 f 4 
* — * : 
To . i ö 
. F : l i N 
F 8 


* Re 


AP E N D I X. 


3 39) Rem. 7. By this: theorem, being given two ſides and che in 
eluded angle, or two angles and the included my of ny; We, 5 
W of the angle or ſide may be found. 


(40) Theorem 7. Of the circular parts of an oblique ſpherical ak hs 


The tangents of half the ſum and half the difference of the adjacent parts 


are proportional to the nent of Bolt the W and half che difference 


of the oppoſite parts. 


Dem. For ſince fin BC: fin BA: .ifin A: an G (2 oy ie . hw 


{ſin BC fin BA: ſin BC—ſin BA :: lin A+ fin C: fin A ſih C, there- 


fore (4) tang s Geke rang 1 0 75 a 89: "rang; FR” there- 
1 fore e-(20) 17 ; we | 


Tang (429: rang (625: tang (ey: bang (2), 

(Ar) Rem. 8. By chis theorem, being given two fides and the includ. 
ed angle of a plane triangle (2 2), the other angles may be found. 
(.42) Theorem 8. Of the circular. parts of any ſpherical triangle, The 
tangents of half. the middle part and half the difference of the oppoſite 


parts are proportional to the ſines of half the ſum. and half the dif-- 


ference of the adjacent parts. 5 


. 
K K. 3 7 


Dem. For ſince tang 1 J * rang = =)= ta rang « (70 X gang (= „ (34); = 


and bang (&): rang. (SS): Lin (Ake): ain (Aa), (38) and, tang: 


2x2 ; rang re rang (429: rang (==) 


gs (&) :: an (Ao) x rang = in (Ama) rang (4 0 


therefore 60 e we 3 
e 1 M: tang (=) 5 6 (422); wi (42) 


BUD (83) 


. 123 


, 
4 I 
_— N 
La * = 
" N — = > hw 5 N 
* 4 2 * a * 1 2 A Y 
= "I _ 4 ns "a as 8 41 * 9 x 5 A Wag [4 


(4s); it followsthat tang E BY 


F NY 2 a 222 8 ; : * 3 eg 
—_—  — — ee 8 


f J | 
3 1 , : 
. . a 2 
4 1 . 0 1 
1 7 6 , 7 : k. 
© * 1 1 % F . 5 © 8 
1 , = J. b - 1 7 = : 
' 4 7 * wo . 8 3 ; > ape | 21 
s A x 
4 © % : 445 KI gs Y An new e 15 « 3 CW / 4 
. gd . 8 88 1 4 8 8 
. ; : > —_ 0 * Fer ens 1 > * 4 
4 1 — * g » 

"LN ” . | N : " W 0 * 4 Ws — 
* ö * y — 1 93 

* L 5 1 N W. 4 8 #4: £s _ 

* af - 5 - * * 4 * 4 by 4 — * ads y _ 5 * 

ö ; 12 {oy vs * 2 * "I N rr "42, at” Ray 
S HINTS" . r 1 AE Xs. IT; N os IV" 1 W126 REA * N nenen r 
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124 5 ; * * e U 
-u{4 3 Theore em 9. of the circular parts of an oblique ſpherical ale, 
The tangents of half the middle part and half the ſum of the oppoſite 
parts are proportional to the coſines of n. the dum and ann the air 
ference of the adjacent parts. l 3 N e 1 
Dem. For ſince ao b e He = ang l he ang Er =, (34); | 
nn (a): tang == Bo : fin (A+9): fin (A, (38); and tang 
A 3 tang - 2 ; ; rang =: 1 TY (49); ; it follows that rang * 5 BEL 
fs Ster lin (A+9) rang <= fin ( \—o) tang (4 h 05 
eee eee nk . L 
(44) Rem. 9. From cheſe two As it is evident, . Hike gi- 
ven two angles and the, included ſide, or two ſides and che included | 
angles of any ſpherical triangle, the, other two ſides, or che other two 


angles may be found; and being given two ang les and the included fide 
of any plane 122 che other two o fides may be found by 7200 - analogies 


"z 


only. JJV oe oe et. 
From thee propuions are eee the following oY 
| | TRIGONOMETRICAL ron. Ht Md Hot Fat FA 


U fy i any ; ſpherical triangle ABC, Fig. XIV. we 1 WF | 
Sin AB * ſin BC: R“: TD = ſin E 10 (2 | 


Sin AB in BC: N.: 0 e ex fin E- cof 2B. (31) 


n tee. * 0 eee. R= 5 ; Gn e * Go : 
. bang 4 x B 6 


; Sin Ax fn C: R': ef TEN ol 7 FEES: fin ZAC. 
Sin Ax ſin 2 R*:: of 24 ZZxceo 2 . caſ* 1 AC 
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Coſ * * col. . R co FFT 4+ 2 coſ FFT n Tz: : tang AC 


Sin . ſol . : : tang 440. tang 24 2 2 


Cotæ B: : tang. 440 : *rang 4=C 4c; tang CDB—DBA 


2 


Sin (BC+BA) : fn (BO—BA): : : cotz B: tang CBD=—DBA | 


* 2 


| Sin 440 : fin EONS: tangz AC: rang BC—B4 
2 


Cof 4: <3 : coſ .. : tanga AC: : tang 20224 


Sin 28224 30 | cot B: tang AC 
; „ ; - A | 7 


'Cof ZC+234: ⁰ . + corzBiling A4<:. 
2 VVV 2 


(46) In any plane triangle ABC, Fig. XVI. we have (22) 


AB Xx BCG: R- +: (MP ) „ : ſin* 23 


AB Xx BC. R. ee coſ : B 


(77FFE&+ Ac) e R 8 5 A-) x e B—B nm) 


i tang” 2 
AC: BC+BA: : BO—BA: cb- DA 
Sin (ASC) : fin (A=C):: AC: CD=DA 


* 


 BC+BA: BCBA: : : tang A#&© . : tang Eg. cot? B: fang. 40 


: cot £ B : tang CDB—DÞA 


R Bm PEPE 1 One 
— mts 


Coſ At. co = : : AC: BNA. 


8 2 
CO T — — — — — —— — 


IV. 


THE HYPERBOLA AS CONNECTED WITH THE LOGARITHMS. 


1. WHILE a Qraight 1 line PM (Fig. XVII ) moves s parallel to ſore” 
along the indefinite ſtraight line CPD with a velocity always proportional 
to the diſtance of its extremity P from a fixed point C, let its other 
extremity. M approach to or recede from P, ſo that PM may deſcribe. | We 
equal ſpaces in equal times : | The point P will deſcribe. a part FP or Da — 4 
of the ſtraight line CD, while the point M deſeribes a 8 5 1 
part MM or Mm of the curve mM. | 

2, If the motion is ſuppoſed to have 1 at P, the arca PM MP” 
or PM m is the logarithm of the abſciſs CP or C M. 

In order that equal ſpaces may be deſeribed in equal times, it is 
3 that the greater or {maller the abſciſs CP or C becomes with 
regard to CP, the ſmaller or greater muſt the ordinate P'M' or n be- 
come with regard to PM; Therefore CP' : CP :: PM: PM,, or Cp': CP 

: PM: 5 m; Therefore the product of any abſciſs by the e 
| ordinate is a conſtant quantity: Therefore 
4. The curve SM is a hyperbola having CD fine, one of i its: cs allymp- 
totes, and of * parallel to the denen, for the other. 
K k. 


we | APPEND I X. 
| From this manner of conceiving the generation of he hyperbola 
might be deduced che properties of that curve and of the logarithms, 
That CD and Cs, for inſtance, touch the curve at an infinite diſtance 
from CG appears from this : When the Ss is infinite, the ordinate 
8 muſt be zero, and when the abſciſs is zero, the ordinate muſt be infi- 
nite, in order that their product may equal the finite quantity PM 
XP: And that the logarithm of CP is zero appears from this; PM 1 is 
length without breadth and therefore no ſpace. 5 | 

6. Let ga, 58 55 PP'=x and PM'=y; we have EY or, 
developing the traction , in 1 the manner firſt taught by Nicolas Mer- 


ae | | 


7 It is ien © OM POR PMMP' is equate to ike ſam of all the 
: ordinates y +7 +5 7 Op” &c. on the abſciſs x. If the abſciſs is ſup- 
poſed to be divided i into an infinite number of infinitely ſmall and equal l 
parts, the abſciſlz correſponding to the ordinates „ N Ce. may "NAS 
| called. I, 2, 3, &c: therefore (6) 

W li. . Se) Rp 

. Shi TATA &) "= 1515 

eee 
9 = — 2 05 e Sc) 

therefore 
| 3 424-2) > ad. &. += I 


e 5 . | | 
747 154 8e. p T 
e e e &c „ „ 2 2᷑ — 


0 


Now, 


, I it} 1] 25 


Ar r | | e 


Now, as Was firſt demonſtrated by Wallis “, che ſum 1+ 2" 4 3 "5 &c. 
continued to infinity, that is to & in this caſe, being equal to ; we 
, | LS | 141 


have 
PMMP'=L(a+x)= 4. 2 Se) 
and, if x is negative, 1 
PM g- „ + = 2+ Sc) | 
8. The quantity depends on the angle DC: S ꝙformed by the aſ- 
ſymtotes and the diſtance MN=m of the point M of the curve from. 
the aflymptote CD; as is evident from i its value 4 2 TEES where r de- 


Notes the radius of The circle, | 


„ Arith, Infinit. oe 


- SECTION, | 


PROPERTIES OF THE LOGARITHMIC. 


1. Wick two points A a B are in S, (Fig. XVIII. YE moving in 
oppoſite directions along the indefinite ſtraight line CSD with a velocity 
always proportional to their diſtance from a fixed point C, let all the 
points in SD and all the points in SC move in oppoſite directions per- | 
pendicularly to CSD with any uniform velocity; and in the inſtant that 5 
A or B paſſes through any point P' or let the point which left Por 5 EE 
£ ſtop in M' or m A and B will deſcribe the axis, while the points that 9 
move perpendicular to it, deſeribe al the e or the area of the 


curve SM.. 85 | a 
2. This curve is called the logarithmic, becauſe its ordinate PM, ” 
„ NM wt are the logarithms of its abſciſſæ CP, CP, &c. Br 
lh „ 3. The ordinate Cs, at the finite extremity C of the axis, is an ach p- 
tote to the curve: for, as the point that moves from 8 towards C can- 
| not arrive at C1 in any finite dime, the pant that left No win move on 
1 5 for ever. | BD 
4. The ordinate PM, a tangent to the curve at whoſe extremity M 

meets the point C, is called the modulus of the logarithmic. | We ſhall : .'- 
call PM the a0 ien modulus and C8 che numeric modulus. . 
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3  * 4 b p E. N B © Tis. 
5. Let the portions ! Ps and P's of the axis be ſuppoſed deſeribed i " 


equal times ; and let the ſtraight. lines Ms, My be drawn perpendicular 


to the ordinates zu, : we have CP: CP” :: P.: P's” and CEL 


But, if the equal times are infinitely ſmall, the arcs My and Mi- are 
ſtraight lines and the right angled triangles CPM and Mou, fimilar ; con- 


Tt ſequently CP: PM: : : My or Pe: u; therefore CP: PM: P.: % or „ Ws 


6. To draw a tangent to any point M' of the Logarithmic. Upon the or- 
dinate PM take P'L'=PM ; 5 the points C and L' and draw parral- 


lel to CL” the ſtraight line 1 meeting the axis in the point -“; M. 


touches the curve in the point M': For ſince (5) CP”: PM or PL : iP, f 


or MY : the triangles CPL and M/ 1 are ſimilar:; therefore Mu 


7 


1s parrallel toCL” ; therefore &c : Hence, | 
7. The ordinates to the alfymptote, BO, Mo e. have for their bo- 


* its abſeiſſe cQ, C and 


8. The ſubtangents CQ, C'Q), &c. upon the eurer are al La 


to the logarithmic modulus PM. 


9. The ſubtangent TP upon 1 axis is to he ordinate PM as . 


: abſciſs CP' is to the modulus PM; For the triangles FEM” and CP 


are ſimilar: Hence, Ye | 
; 10. The ſubtangents upon the axis are to each other as «the produdls . 


N $3.53 4 he? 


4 


o the abſeiſſæ and ordinates. £ 


8 The ſubnormal PN upon the a axis is 4 the Ce as the TOY | 
rithmic modulus to the abſciſs : For the triangles CPL“ and NPN. oe: 


ſimilar; Hence. a . 


2. The ſubnormals upon the: axis are to > each other as + the quotients- 


„ 3 
TEE: GELS 7 #4 


* 


* 7 — 


APPENDIS To 


13 The cbrazentt is to the NT OK as the N quare of the abſcif 155 
to the ſquare of the logarithmic modulus. «| 

14. Let PM =, CP'=s and P'M' Y. and let? 8 „ 8% 85 21780 be any 5 
number of abſeiſſæ in geometrical e 8 8 15. > the cor 
reſpondent ſubtangents, and oo", o”....o, the correſpondent ſub- T 


normals upon the axis: we have, (2) and (12) 


16 ＋I)(22＋ 1% wn '+8"'+8"" A ut” 


2 1 9 1— „ "= 2 

=(; +3 (= — | > +> 7 y. * nt +” | x: 1 50 BY. 
5's 8 7 1 5 6 * 1 | | e £ e 

7 7 — X 4:6 —ͤ—— . * — * | 


(XY =! 7 of ee 7 „ * : f : ; ; | 
T0 Let the numeric modulus CS= = and SP'=s, the denominations. 
of PM and PM. ene as before: we have P's =x and » 4 =} 


Now mx: 46: * 3, (5); therefore 3e, j ; or if m=1 teln. 
pox («+ — '+&c) and therefore 
y=pl(x —£4+2—&0)=Log. (1+). 
16, Let the area of any portion SMT” of the curve=A: we have: 
\ =57; therefore Ar =: He I (5); or (x BY ee | 


. =ſun=þpX; therefore A=z5—pz+O: but when A=o,. then 2 =mM 


and y=0; therefore = e e 8 e "Os | 
WT that 1 is | | 


= 


17. The area of any potiiba of the bounce; is at to the rec- 
tangle under the abſciſs and the cfference: of the ordinate and the 10 | 


e 


* * 7 2 
a 5 ! A | et ws” | 2 £ : . * > 8 is door | 
: 4 . : : = * - p * © £ * 4 PS may - . 5 fy 4 * — 
- 4 2 1 p y £ - * 1 P tr , 8 2 IT S 2-4 * 3 4 po of — 4 a 8 oo 
1 4.9 2 ; = : - A + 1 en I N 1 * N „ gf a OE GIS — 8833 . E ot . * n 3 
555 1 * F r 5 . n . - 2 L g 8 ** .. : hy a IE: L Y x <4» __ 8 8 3 - 20 de %- 2% EY 8 * 8 4 2 8 þ >. 2 IS 4 5 
"OE. EF I TEES. PE. AF A FN OOTY ECW n | mY nnn - n 1 a £ . we” 
— — - — — — — — * * = — o - — _ «< - 2 4 * 2 * 4 
— a 4 93 * F od I - * s * 2 5 * * wa F - t * A . 2 * 2 ** 
- * A 4 4 * * 4 8 — 3 4 wu \ » 4 HA. « 4 * 4 -.*. ab at ai0fY _ - w* 1 


A 
5 * 


Ka, 
3 
4 
- * 
* 


1 
- 
= 
* 
1 
— 
n 
i 
- 
- 
© 
1 < 
4 
| 
"1 
4%. - 
14 by 
24 
1 
» ln 
ne. 
18 
pl 
1 
i 
4! * 4 = 7 
* IT Pee, | 
F Pl 
0 
„ 
. > 
l = . 
_ Wo 
12 * 
c g — 
U 
1 . 
1 3 % x 
_ 2 * 
1 20 : 
3 7 8 
5 _ 
i . 2 1 ” 
\ Ve 
4 4, . 
* 5 I 
> * 4 
2 io! 
b 3 
* 
1 * * 
of =” 
[ - 7 
uf 5 
» I "I 4 
FR 
* 2 F 
* > 
# 3 * * 
PN — 
. * 
5 : 3 >» 
5 8 
4 _ * * 4 
xs * * 
Br 
5 * & 
* 
4 Woe 2 * 
* +. . > 
ir: 
wy 


a $a nf HER 
l 2% 5 — 


is 'F 


n 
A 8 


ene 


— hy 8 


8 T * 25 0 * 1 5 ——_ þ — ; * 
SO eee et SES e 
, — 


* Fe vs LE * a 54, - ” * 7 * 7 2 5 4 Vas 9 * n "I OB Es FE ee ee 2 
N N 8 * 1 a — 3 ” PER 7 9 5 — 2 " N 
7 2 8 : 
8 « - 
; a 7 x 
* * . 4 - >. P A 8 > ; 
— 0 A * 
, 7 . 
2 \ — 2 5 as 
* , 4 
* 
* 
* * ” " 5 
- 
6 8 . 
0 
a i * 
s * 
. 1 
- * 5 oh 2 8 . - 8 
8 2 * * ＋ \ . S * \ 
C IS p I . 49/9 Fo 2 * 
2 » 
bet ; « 
C ulus, to er Wich LNE TC e Under e maduli: 
* 5 "i 3 : 8 Sh, $5 _ "A + 3 0 > c * +. g N J — 0 * 
2 * wr 64 66: 3 $- 5 ; ». ; 
" - — 
> ; * - 
* 474 * * i a ; 
* : as 6 1 * 5 Wo 2 _— . . q 
3 ” Ya e 5 — 4 * * oy # 
8 ectan ] OL. d th duli, 1s equal t th SMP 
18. The r gle under che mo is equal to the area 
: 2 4 £ s . I K 
R aw wt — * * , ” 0 pn , 

1 4 by th lo ithmi odul PM, th of the Ms, 
containe E gar 1 C 55 us E portion S axis ö 
AS EO * 5 * 4 a f ; ; 
* Py A By * 1 - : — 

. 
an E Arc 3 or to. ae ar ea. Sm. containe 1e numeric Mo- 
Fe 1 3 3 L 
5 % WK *% | 
dulus SC, the aſſy mp tote C, 2 and the infinite branch 8 of the Curve. 

7 f 3 N 4 * 0 % % 4 , J . ; 3 : F > 

« 5 * 
* x ky 5 ä 
J F 3 " * ; * } 3 — J ; * * 
3 +.» 4 * + LY * FR < « F - —— I > F £ 4 _ 
4 N, bo » 
= 8 ©. 
N 8 * 5 0 % X 
4 - LS ; 
n 1 < ” - 
N * 5 2 4 
1 4 A * 8 £ + 2 - . 
p - 5 1 . . 5 . a i 
* 9 * a 8 ; * 
* © 4 0 > $4 12 * * £ it 8 = 
E k 
I | I 8 | 7 | : | | 
* 8 0 % — \ 5 
* 1 by ” * 4 \ 
* - i . > YES 05 5 
= * * 7 
* 0 * 7 # « F k 
i Le * 
, » 7 ; 
9 * 1 3 
1 = ; 
8 . 
5 * = „ 
2 - 1 ; 8 Y 5 E . 4 
, * ; ; » 
, 7 — 
_ q 7 
\ 4 — - & a2 o r * 1 / I 
5 „ * x * 7 N 4 Pon 1 # # 4 * y 4 4 . 
Mt ” I % £ Fe 2 X 7 „ 
CC * 5 - 53 6 — 24. < p 5 1 4 . 4 
Toe * 
— $ * a o9 wo x 9p 1 * 
c \ > 4 % — 4 1 0 - a ; ” 3 
"% , * - ” . oy 3 - 4 * 
F - 
— . g g - ; 1 
<A * * A - : 8 „ FL * 4 
„ f , p f HR, ; 
EY abt; „ 0, OO a » 9 TRE DS” lei Fo. 934 *2 * „ an . ? . 
— note 1 + ae * * 8 3 5 * * 8 1 4 8 'S 4 . "wife Ft 
0 * * 
* 7 FA + 2 * 7 5 4+ : » : - 1 A g J 
ö 8 * * 2 . „ 
* * A 2 - S . — * 
7 a I 4 4 * 2 8 1 cen 4a . — 1 ; 
% ” OY * - « * - a t wy 4 
" 6 £ % - * * 
* 5 4 1 
25 * 
q * 5 3 " „ 
4 * hd © f 4 . 5 - 4 - 
4 A * * * 
* - © % N 25 — * 0 
1 32 J V. — 5 ot bY 2 
1 8 8 -S . Le 4 . £ I "IF: 7 1 
p | « 
* ” * = A 5 2 4 * 
* ＋ t . 7 - 7 7 E 
* 8 . 8 x vive 4 * 8 . 4 $55 ; —_ * 1 4 5 = 5 | 
: - 1 4 wy F i 0 * ” 1 
— Az 2 Brits ** — oy 4 N * — : v G —* 5 a nd” i BY 8 wa * 
7 x Www 4 7 s * * "> - % % *« 9 N n 
* — 
4 1 1 % + 
* 9 0 * * 
: . o £ - 
* . * . ; * * * * * 5 . 
X 2 — 2 1 4 100 ¼v Wea ** HIS on "oo 
8 « * 81 * 9 4 * Po M46 1 * % % 92 of F. 2 4 3 » 
" j 8 £ + * i £ & 1 
8 * . 
of » * x OE % * 7 * * 9 ? : 
8 * F 4 | * 5 — N > 8 is 8 * 7 
. 5 ak 4 3 ” * 3 * — 5 ; 2 # % l 5 1 —— f * 3 * 1 2 7 ” 7 
* * 1 Ea A a $35 # 4 ww, W,4% a #7 es a ect if 9 N wary WW = R 3 F- 4 
- * > * o * 
. 2 
. 
, A * - wh ; * * - 
4 ER ? - . $ 
>; 4 A * I 1 - 5 
LY 1 x . » 4 
1 
— P * * 4 / 7 12 7 * 4 © ; - 4 / 0 fot * 
Py 3 2 PR — - * - £% 4 W * my 1 7 2 3 . 45 * " 1 — 1 
8 8 1 - TW . * 1 4 SB 4 2 8 F 8 2 % 83 * * 4 4 . 
WS = * A x 4 EW 0 ! 
- — * 1 
. 4 . 2 
2 * 2 : i F f * 4 5 7 » * } 
i - ” a - —_ os F 2h. * 4 * * 2 * 7 * * Þ+ * - 75 * 5 4 Þ * 1 — 
* ©. 2 Ef | 4 1 2 i * * py * p : * 5 = 
1 * Py 5 AK * * * - tt 4.3 a * - „ ” * * » — I & "x 4 * * „ 1 
5 1 
= \ ba = 
— 4 ' 1 
7 ip: 5 . 185 
4 7 - = of # 
f * * A - . ” * 
4, » # x & ao 4 Z# a % s o 
ns | - 5 5 £ 
a 1  þ 
” $ 
. . 2 - - 
- : 5 L . % X F 
: 1 N ; 4 . » 
Y - => 5 - 5 
. a 5 . g , p Pd 
v. ; * — 
- ! 
o 4% by 8 
A 1 5 : 
. e f 7 1 % 
K - 1 » 4 
* ; 
. 5 
4 , 5 4 * Fo - 1 
> Y * ; 
- 1 * ” 
- N * . 5 
* * ” 1 
n » * n N 3 
— * * * — 
- 2 Pra - . r { * 6 
ff Q = * 4 a 4 3 * 


— Ne b 2 1 
r 


oy. | _— * 


8 N FTT 
f zz »ͤK TS we. 
: 7 s 9241 'Y a 


- £, fp <4, 
Y ; . wa 8 
2 — 8 W e en. eee — + Oar. 12 x — 1 
n r o ä * _— wy * e — 
=, . ä 8 g 5 
n 8 . 5 2 
* bY * er * Mc 8 ! r a . * 
7 wn, 1 77 q 4 1 — B 
SES 6 ib rt 
oo N 
* 1 hk 4 7 
L Fs Ws 98 
A 
95 5 
. bet 


* ad 2 e G 
= ra 0 2 A 7 a 

2 5 > . „ 

N A >; LOO? > 


WD, 7 2 N A - * - 
8 5 r © N F SN 3 
ea we r g CR hp rt, . 8 RF ” ? 
1 YES bu No Bo gk os 8 OG. ® £5 \ 5 6 $45 = n * Ts! 4 2 * a — 4 - 
* who '% 4 F wt ** 4 3 r * 4 "7 * - 5 wx £ = * * * 2 
G 4 * % * + i pies RY 
ISNT x 7 : 4 8 „ ws * 1 — - - 
4 3 — — 


a 8 
Wanne RE he 
8 . 


* 


_ 8 = 3G Wee . 3 
— 7 I 4 3 W * > n © Re b 
. 7 + 5 2 * o 4 1 * * K ; : y 4 
- % V q Eons ge a mots Ae 
* 8 S 4 - \--i 4 N 
1 1 
. F * 
* * 
— 


: 
8 
D 4 

* 


1 


& 2 


+7 


8 


2 2 ) 

1 a” S XN ; © oe EAR BYE 

3 2 I I S ISS S & I | DS» 

J 5 IIe S J e NF 

; HNSDRNSSYSS 4 e NN 

I | S XX XTi 4 @ 

1 | 7 = : 1 $$} VS} V[]SS$ERERSg SNN 2; I 8 D — 8 | N »\[%\[\\[V\[© N. 

1 W D, & G — S 8 | ) = s W *% * *7 | 1 > 

3 NAD | | dee % : | See F- 

I NING SE Roe i. | & do NIN N Je UE S V IO NE IT SP [$8 N WIE 

g e See n NN $4 DRE ore IoNeDn 1 
N I JL Vo No SH 8 2 =  \ | dJ\ [&% 60 i III W ö 
NN 8 8 = 2 * N _ N NF [73 K = 

NN D f | 


AP; 
0 

: 

\ 


S 
7 
— 


Why * . fl n * 7 * 
8 e D 
F : 


* 
. 225 
e 


a < 8 
4 enn 
ws 


\ 54 
2 - 
* * 


4 


N 


9 


« 
* 
o 


934195 9 


01/8 
C1 
Hur faces of 
| - 2 — 
PAPA 
E 


# 2 e . 
Wn re I TS Ie SI 
2 4 
* * * 


00 £T- »— 3345723225 49 - 
— 


— — 


— 22 2 — — S 
; - ox 4 — 
2 — 
e NR 
* * * 


4 
i 
7 
, » 
. 4 
* 
* . 
* 1 1 
ö + % p 
* 
. » 
X - 
8 2 
8 — by „ 
"8 - 
4 * 
. oy 4 P 
"2 * 
- 
3 5 - ” 4 
2 . . g 
0 1 " 
L * bo - + 
9 * WW * _- * % 
» * 
A * «<> 7 
1 - . E 
4 bs \ * W * p 
. « > . — # F : _ 
- p 2 } 
. + 
" 4 - 
F * * * * 
3 « F * *, 
1 * * * — * F * 8 * 
4 1 » 5 5 — 
1 4 7 - = 
5 ; 7 * * 0 ©, w 1 — 5 
7 
— 4 5 
3 * * 5 l 4 5 . 
0 . - th 
4 p 
4 : 5 
6 : : 
. 4 a 
. 
- 
8 4 ; : 
3 : * 5 
8 7 ” . of 
* 3 
F — 
- a 5 5 
ö 5 
F * 
: g i 1 : 1 o 0 
- fe ” 


0 
— 
. 
ry 
"” 
— 


7 


9 


„ 
. 
— 
+ 


7 


. Sd . 0s nes 
* 
5 
*y 
49 
5 


q 
* 
o 


om 
* 
1 
— 


* 


1 
Fe 


; 
> 
P% 

x TON 
Js 
— — — 

F. * 


— — 
: 
han wer cr wry — 
} 
40 


ve ode l , 5 as at, — f 8 


* 5 8 +6 FE a 1 1 
— ” 2>& "= * _— 3 p 
re F< vr 5 4 % : « 23% » 4 2 © 5 
* n 2d "> : Ne 85 T * n . N 1 — * * 
n 5 « * 8 Wa he v4 « 2 
5 N n | IS 
—— I. x ", 3? - * 948 % 7 
- e 1 wy ek k e re * 4 T X * n * 
& : 8 1 7 & * 35. 
o 2 fi 
1 * * . * N 51 5 Vir 
5 
— x 2 8 "Tt 1 
- 1 
4 * 4 1 
7 * 5 * E 
* : * = — 0 25 
* 1 SF. _ ; 
A — 1 & F — LU - of 
” - C * 
7 \ ' 
2 2 * 3 * 
- , 0 
2 9 * 


— 
* A\ «© XX 
: | SNN — NSN ae 
> Es Is 
E : 4 D (C3) V 
KA % 
8 2 sss 
4 
; _ 16] [©|9[J 
85 N 
8 8 S5 
* . 
} — — — 
F ; 3 .* 
4 1 3 : * 4 
. 
| — k 5 bs 
7 * LY N 8 2 85 p ; _ . 7 | ; of 
2 oy * - * Y . N 1 s i | 4 
q : ; N Fa \ N 
4 d 3 4 l l f 5 | N . 
5 ; ; 8 D %>.. BB. A N DJ &, PR, 3 7 
A, I — 5 | | — | | : © NS 2 
| | Fw rr Te RUN TE 1 8 S . 
. . „ S f A NN 
4 15 . , ra 4 4.7 „ ON. — . 
Ig 4 : 4 $-4 E N SNN 3 
1 L 4-4 poo $44 —— 2 FE: $- a2 1-4 pony bonne Dy, 4 1 
| 77 (— | 5 
| | J ! . | | ©] T. e 
4 wt B vs 1 OR 
dat . TED 3 bong Loa bout let 14 124 11 +1 55 Pr : E 
ES FF | i 1 : 
o 5 1 . 7 * . . 
3} A . , 88 7 4 8 Ware 4 * 5 : om 
3 . . 10948, + 5 * 2 
F F: "ie & bond — 2 —4 hot ++ 1 2 * 1—— i 8 ' . O 4} « 1 O O 
i | CHEF at tr + 8 | 
: "IH. * 3. $i 5 0 5 775 4 © 4 : 
: 3 J!; ot” eee 
8 g 8 + + 4 þ- «4 71 11 14 1 E. hood gon 2 — 4 * N F 0 
* n . 4 3 3) 34S > . 2 : 
* 5 Nr « 1 1 4 * I Z% < | 
. # 4 ' b$: 3 ., 1 ; 1 * * & 4 * * Og; ; . A 
55 — ; * "4 EX-X , ? p ” * 
5 f 8 . PE 443 T 5 1 if 
8 9+ < + PEE tn ot Hoot 1.44 11 ee : bh b 
1 7 $2 4 CV 7 2 1 85 
3 f © ; a i 5 * 9 F Js 3 
J > ' / by Eh Lene WE DOR. : PIES 2 
; GS p toc 4d 14 1 4 775 ed 224 hey 4 rl | 8 
; EIS TT 24 HT Ph 3 WEIS CES | 8 . 
8 ; 1: „„ TRE .. 2 : 
| | VVV 5 : 
. a — 1 1 Ku 2 * 4 «ps. Boyes, 7 ger 7 ö , ** 
| 2 i * % 44 D) ti-p3 | . N 
- | ; Fe $4 tÞ 34-8 -tor 4 | | a „ 8 
2 1 5 . $ „ 2 4 - $4. l ; / 8 . £ 82 N b 
N * 1 1 —— — 4 boos — 4 1223 n ; 5 
a : ; : 3 15 ; 8 7 1 . 74 . SYSORS . SS. x 2 5 * : 
7 1 4.» 3 . 4. 4 e 9 A . A — 5 5 4 
| ELICIT Ei ET 5 See 5 2 | 
* —— — 4 bog 6) + 4 2 1214 14 a 4 has —_— IS Cy — "_ SG) 5 D . 
, 1 8 * 5 3 
4 a 3 0 F . 1 
JJ dp tbl FRCALE FRoud ; OO „ 
; 8 LS 44 n - 7 3 J 
| S> SY YO OG RS SQ PET. O 2 | x ED” | 
. 12 * * 0 > 4 = 0 ** 4 
5 : 5 N 
V . — 7 i 
5 = Wen x ] 
2 ; . 2 * * 
„ (i 
* 2%. up.) SE, 
x 
„ KN 
: d ( fy 
22:4 *. - — 
* 
1 * , dl S 
4 
1 N 
* > 1 5 = 
2 — N * - 5 8 4 
* x 3. 7 7 : 
5 8 . : 
— — — 234; nner. as 
— 2 en ae men . 8 — — wm - 


2 8 
— 


— —— 


——— ——— 
„ way 


—— * i eee eee 


— — 
— EI — —— 


2 


1 — —_ 3 — — — 1 
— <a * % 4 - a 
ar, 9 len Ll — * 


"# 


, 
* 


. 
* 
* 
# 
+» 
2 
2090 £ 
if 


1 * 
2 


i og . 
* 
: : 5 | 
; 4 | | | 
i f : | ? 1 N f — 5 5 
L MP Ms „ * A . 8 
WW; 8 \ : 3 | 
| 8 1 
f „ 
” ” g ; | | 
$ - 2 
s * 
1 2 
„ > 1 1 $25 a. : 8 bh 
; g L | | 
» L © 1 * Is OG 
R 15 , 2 5 : x 
* * : 
; - P | 
p 2 * | ö ; 3 
* N 
: fx j - ; 3 : 
. ns) * Fo 4 x "ops ö 
1 : . 2 | 
: «4 * . 3 F : 
£ * * o o \ "——_ n : 5 F 
> + b ; | ; ; | | 
* x = F N 2 * 5 : ” 6. » 
* .* oy \ IF 3 . ww F 
A : A . 0 ' f , 7 1 „ x 
bY * pF . ” 7 * x . * 
F — r 4 
8 * 3 6 . IR 5 
| i 
: $ 7 * 5 8 a y | 
£ 235 * * ; 
* # 8 : bes : ] 
% 7 * s vs. 2 < o REN 4 
þ - . ad £ * . LO 2 
| . ; | 
\ v | 
: b ; 
F 4 {© _ T | ; 
7 N : als S : F ry 8 {4 = El . 7 Ga 6 3 Y 
£ : F : Su 3 
* : 1 7 ; 


% Y 
s F -- 
2 
bs 2 
: + 1 
* « 
- of 
* — 
pr: 
» * 


. | i 4 
Life of 
% R : 
— i 
- 
; | * 


— 
— 
—— — 
— 
4 


* 
— 


the 


P 


ved fo 


— 


* 
— 


” 


nora 


E 
N 


* 3 — 6 —6ä — 
2 n N 8 ne 34 44 + Boas » 
PCT 5 2 3 4:23) 


_ —— 


! 
1 4 . 
4 4 1 
8 S . He 
* I 5 5 
7 + l 
v 
[ Py — 7 
1 * by 
: - 
C o * , . 
— 
W. 2 . * j a 7 
* : » 
wo : | 
Be - on 7 , 
2 * 
4 of 
4B 3 - 3 a 
: * 
ö . 
* 
7 
F 9 — 5 2 ? . : 
/ 
F - * = } 
* . * 
. 
* } . 
5 1 o 2 2 * ! 
4 ö * 
» ” 
- 4 8 a 
| % 
4 5 * b / / 
1 ö ; 
E 8 5 : 
» 8 a 2 
. £ 
- 1 5 N * 5 
* Py U 2 
* 4 % 
EY 
* 
% 
* * 
4 * « a 8 : * 3 
* * N 
. by 
p i - U . 
7 9 4 * 
* * * o 
* a 
= % ö 7 
z 
\ 8 
; a i N21 
* 7 4 
1 
2 A 
. 7 4 / s 
; . 
A : 
* I * 
4 
, * * : 
* * 4 * 
F U 
: bs A — ; f 
« 
.* * 1 
: « 
- 
* 
1 1 - 
4 4 
J 4 8 . } 
N % ; 
* * I - 
b 
1 
4 4 
* 
- 
% * ” 
Fg % ; 
. 
: \ ; - 7 
© 
4 ; a 8 4 
8 1 
l ” } 1 N 
* 
\ 5 * ſ 
; : N 
5 4 
* E 2 / 
a . 
2 | 
7585 8 4 
* 4 * * e 
& g 
; 4 = 4 | 7 * 
i 
« 
* 8 x : 
: ; . F 
. 7 
g \ 
2 . ' < 
- s 
«ar * v ” 2 
i : 5 . ; a © 
\ F * * 
".f P 
. 
; 
pes 7 N 9 1 8 
* * 
* 
; * 
4 
* 
1 5 « L ry N 
5 * . 
„ * * F 5 
1 a » 
4 a \ 1 : 
; \ 
fy * G = 4 
A , ; . 
67 
- 5 * 
8 1 
: 2 * 
* * ; 0 
* 
* . 
% * { 
a 
p # 
% x ; ia 
- ; 
* = 
1 
* f = 
1 « * ! . 
* * 
, ; \ 
« . of -» 
? 
1 * 
x 0 
" , Ws 
4 
> * \ : 
* 8 af 1 
4 4 
i 5 & 
FX 2 
2 \ : 
: of ws = : 
f 4 
® C 
2 
4 3 4 \ 
2 Le, SA / ; OF: N 
222222 7 DOG T7; 5 fo 
; pa 74S; E 


aft 


3 . 
2 


"IH 


* 


"Zo - * 
two 2436 hes 
2 
1 8 
* N 


"x 


FP”, +4 - 4 * Ws - G 4 % - 3 » 3» * > . 
* bn . 
22 1 999 8 
4 A 4 * * e - * 4 


. r 
n r r 4 FW al IH AG An 2h K | ; ” 
"+ 1 * EI , ; 


7) AR of ty 


3, Wot; ct 


: . A A 


: 1 
3 * — CHEE ETSY 


SEP * ä 
ade ARA th 
W 


4 n 
I 28 


* 5 
— A . 


EF. 


_ 


- 
2 „ 


„„ 3 


2 IS x; 


* 


* * 
3 
— > 


—— toes rs 3s 


8 


ts 


— 


8 my, — — . — 


. 


RR 


2 


n 5 


8 ate PoE IN 
I Dei e, rr 


2 
0 
z - | 
- : : 
4 
«6 — 4 * 
* 1 
7 
; : 2 
& 
7 5 : 
* f N 
* 5 
: : 
&...- : | 
* £ 
50 
** , : 
* o 
; 
# 
. * 
p 
{ 
> = 
* ; : 
tx S | 
- } 
* * CONE 
, 1 
2 2 x 3 
; = 
; * 
a : ee ER 
= : \ 
y * 
* . 
5 ; | 
g 18 | | 
» pw "oy g | 
* * 8 ny 
. * # 4 - 
* ” P . 
” $a bi 8 ; 85 
— » 
1 x > | 
* a | | 
* 4 7; 
£ © 
. k 
3 
2 4 
* * 8 i - f 
: — — , 
5 - 
, 85 | 7 
' 5 . | 
V 
2 
' : : 
5 
p 1 
* * 
| 
# x 
2 
1 * 
* * 
. a 8 
i . 
3 6 ; 
£ Y Fi 
* 
* a . 
* 
7 - 
a 8 * 
5 1 
= L 
2 : 
w 
. 
0 b * * 
1 
ot — 
/ 
g * 
= 
: 
{ 
4 % 
w ; 
> 1 
* S 
. 4 
1 
| $ 
4 | : | 
* 0 — * 


» * 
W * 
7 2. 8 * 
% * 
% 
- 2 - 
p b 7 
— os 
1 
— 
*» . 
v 
« 
' o 
& 5 ; 
* 
— 
& 
* 
* 
1 * 
5 
& 
> 
* 
* . 
* 


5 * 
* 
hh . % 
. 4 255 
% 
5 5 
k * 
* 
* 2 
TR 
1 * * 
« 
1 
A - 
* 
\ 
ö - 
+ * 
* . * 
' 4 
* uv 
. 7 
4 


* 


* 


1 


o 


" 


* 


CEL 4k — 
a 
= „ 


— 
* 


4 


ELLE E 


545 * 
KN . 


—_ 


—— — 


. a 
_— 
2 g 1 
j 
1 
OR, 
wa, * 
A 7 * 4 5 
U þ * ke 
wml bo « 2 0 5 
. * % 1 8 
V „ 4 : ui "SS 
# : . 2 
1 \ ! 
fy WT * 
: - * 5 4.5 
\ - 7 . 1 2 
8 5 1 5 " 
4 7 g 
. 
<4 2 
: * 
A + 4 WS 4 
4 
e 1 4 ' 


. 


* 


* 
* 


- 


- 


n- Es 


. n I. 2 DD * 
* * OE 152 n . Me 
8 * 5 Ra 
$6." 


PETS 


us, . 


. | 
ö 2 


a = Th 


IT" 


M_p fo agen of 0? 
. 8 
- r 


n 2 r 


Xx: 2 | 2 : cs Ba. 7 IS *. 8 $f 6-4 FA 
bes f 2 45: N , * 8 a * F105 ag; Non - . 
. 1 JJ / // $5 Ap; 6 2a aa, L TW NED 
* * 8 2 * 


ee 
2 5 . 


n 
* $2 cee 


9 


es 


wer 4 


8 


£0 


On TS. 
Sond Es 


oy 


* 


"I 
, 244.4 


2 


"uy" 
* 


2 


? 

4 3 

2 

7 
«3 


my 


ys io 
y = 

” 

- 
* 


„ 
. ; 8 * 2 * \ 
\ *4 ” 


: 


* 
r 


we * 


N ** 2 


* 
4 


oy 


OG 


[| 


1 Feb, El Por FOE 2 4 
Sn a OE ES LO ; 
3 5 58, Lon VIE 5 
wit l IVE 4 
3 


r 


dan, 


5 
Ek gt 


N 


1 


A eb , 
ws 99: * 


= 


4 4 a $5. 5 25 
. 
285 a 


Gd 


2 Ws 
>. 
— _—— —— — 


. — 
—— — 


* PA. 
3 IT” | oy y og. A Oo hands Een 2 
P 3 n 


. 
” 


8 my 
PANT! 


Cr e eee 


——— 2 


Thy 9 


4 


ee 


nl 


++ 2 
TOI 


— 
- 
& 
» 

* 
dt herd VEE 
2 3 

4 Eres = 
AW | & FE 
* * - 
* ME 
SE 
e 
F > 
3 * 
8 #% 2 
BA - 
Y FR 
3 
2 A* 


4 3 
$765 


f 
| 


